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A Review of Recent Developments
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Stochastic Partial Differential Equations
(Stochastic Finite Elements)

Andreas Keese
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Technical University Braunschweig
Brunswick, Germany

Abstract:

The present review discusses recent developments in numerical techniques for the
solution of systems with stochastic uncertainties. Such systems are modelled by
stochastic partial differential equations (SPDESs), and techniques for their discreti-
sation by stochastic finite elements (SFEM) are reviewed. Also, short overviews
of related fields are given, e.g. of mathematical properties of random fields and
SPDEs and of techniques for high-dimensional integration.

After a summary of aspects of stochastic analysis, models and representations
of random variables are presented. Then mathematical theories for SPDEs with
stochastic operator are reviewed.

Discretisation-techniques for random fields and for SPDEs are summarised
and solvers for the resulting discretisations are reviewed, where the main focus lies
on series expansions in the stochastic dimensions with an emphasis on Galerkin-
schemes.

Finally, numerical methods required in the solution of SPDE and the post-
processing of results are discussed.
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Chapter 1

Introduction

1.1 Overview

In the recent years, there has been an increased interest in the simulation of sys-
tems with uncertainties. This work reviews and classifies recent developments in
this field.

The interest in uncertain systems stems from the fact that uncertainties remain
in most models of real world problems. Uncertainties arise either due to our lack
of knowledge (epstisemic uncertainties), or due to intrinsic variabilities of phys-
ical quantities (aleatoric uncertainties), e.g. due to heterogeneities in materials.
Data like domain geometry, material properties, or loads, are usually not known
perfectly. Due to the uncertainties in the model, it is uncertain to what degree
the prognoses of numerical simulations match reality; this fact is often ignored in
traditional engineering practice.

Clearly, itis desirable to quantify the uncertainties in the answer, and different
approaches have been proposed for this. Let us briefly mention a selection:

e Uncertainties may be described by stochastic models—uncertain parame-
ters are then described by random variables, uncertain time dependent func-
tions are represented by stochastic processes, and uncertain spatial proper-
ties are modelled by random fields. If the physical system is described by
a partial differential equation (PDE), then the combination with the stochas-
tic model results in a stochastic PDE (SPDE). The numerical solution of
SPDEs is the focus of the present review.

e Alternatively, fuzzy sets may be used to describe uncertainties; for an in-
troduction see e.g<ruse et al.(1995. They describe parameters by pos-
sibility functions specifying their degree of belonging to a sklaglaras
et al. (1997 compare random and fuzzy models of uncertainty and state
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that uncertainty is better represented by a stochastic description if enough
statistical information is available and that otherwise fuzzy theory is better
suited.

¢ In contrast to fuzzy and stochastic methods, set methods are independent
of a probability or possibility measure. They assume that parameters are
inside given sets. Then they compute sets in that the response is guaranteed
to lie. Representatives of this approach are interval analysis fdejeld
and Mannheimerl974) and its generalisations to ellipsoidal and convex
modelling (e.g.Elishakoff 19993.

e Arelated issue are intrinsic heterogeneities of materials. To obtain effective
material parameters, homogenisation methods may be usedi@guatq
200Q Zohdi and Wriggers2001), but if a separation of scales is not pos-
sible, then stochastic averaging may be necessary. Recent developments in
this direction are discussed in secti®d.3

This review concentrates on stochastic models. These have been used in
several fields, e.g. in structural engineering (ektpldar and Mahadeva200Q
Kuireghian and Ke1988 Bucher et al. 200Q Ghiocel and Ghanep2002 or
in the earth sciences (e.dRipley, 1988 Christakos 1992 Dagan and Neuman
1997. They have a sound mathematical foundation, and the advance in computa-
tional methods and the increase in computational power has made their application
to complex systems feasible.

Stochastic models require information on the statistics of system properties.
This is sometimes seen as a disadvantage, as exact statistics are hard to obtain
(e.g. Elishakoff 19991. But if the available information is scant, uncertainties
may be modelled by ad-hoc assumptions, while at the same time all available
statistical information can fully be used.

The question whether stochastic models are valid for modelling uncertain-
ties may be answered either by philosophical reasoning or by comparing their
prognoses with reality; seldatke and Ben-Hainf1997); Christakos(1992; El-
ishakoff (19999 and the references therein for in-depth discussions on the valid-
ity of stochastic models. Sedaglaras et al(1997) for a validation of stochastic
models by experiments.

Stochastic mechanics is a fast growing area of research, and some reviews
were published:

e Matthies et al(1997 reviewed stochastic finite elements (SFEM) with an
emphasis on structural stochastic problems.

e Schuéller1997 edited a state of the art report on computational stochastic
mechanics with contributions from many authors.



1.1. OVERVIEW 8

e Sudret and Kiureghia(2000 published a review with an emphasis on reli-
ability assessment, including tutorials and comparisons of SFEM methods.

The present report extends and updates the aforementioned reviews in several
directions: it gives an overview of the mathematical foundations of stochastic
fields and their discretisation, summarises the mathematical theory of stochastic
partial differential equations (SPDES), and reviews methods for their discretisa-
tion. For numerical methods the emphasis is on stochastic Galerkin methods, but
other techniques are discussed also. A brief overview of numerical procedures
and of post-processing concludes the review.
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1.2 Terms and Symbols

A consistent notation is used throughout the text for all reviewed publications.

1.2.1 Glossary

The following abbreviations are used:

cC Clenshaw-Curtis (quadrature rule).
CDF Cumulative Distribution Function (of a random variable).

Deterministic Code
See deterministic solver.

Deterministic Solver
It is sometimes assumed that the spatial discretisation is performed
by some existing simulation software, e.g. by a finite element code.
This software is called thdeterministic solveor thedeterministic
codethroughout the text.

DOF Degree of Freedom.

FE Finite Element.

FEM Finite Element Method.

FORM First Order Reliability Method.

KL Karhunen-Loéve (e.g. KL-expansion, KL-series).
PDE Partial Differential Equation.

PDF Probability Density Function.

RF Random field.

RV Random variable.

SFEM Stochastic Finite Element Method.
SORM Second Order Reliability Method.
SPDE Stochastic Partial Differential Equation.

1.2.2 Notation and Conventions

The following conventions are used:

u Vectors are small letters in a bold italic font.
u Block vectors are small letters in a bold upright font.
K Matrices are capital letters in a bold italic font.
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K Block matrices are capital letters in a bold upright font.

Y, K, & Random variables and random fields are in Greek letters.

Y, K, & Random vectors are in bold Greek letters.

a,B,y,1 These Greek letters are used for multi-indices.

f(®) A superscript multi-index in round brackets denotes the coefficient
of a random variable in its polynomial chaos expansion.

2 The projection of the random variabfeon them-dimensional poly-
nomial chaos of degrde

1.2.3 Symbols

The following symbols are used throughout the text:

-1l

- llor
|-l
<'7'>
('7')
[cf

al

O)
aanyvl
B

XB
C(R)
COV(K1,K2)
Cx

d

A

Standard.P-norm (sectior.2.7).

Standard->°-norm, essential supremum (sect®2.]).

Hida distribution and test function norms (sectidf).

Kondratiev distribution and test function norms (sectg).

Duality pairing (sectior2.2.2.

Scalar product (sectioh2.2.

Modulus of a multi-index, defined asa| = 5y 0 (section2.2.3.
Factorial of a multi-indexx, defined ast! := [];en(ai!) (section2.2.3.
The Wick-product (sectiod.2.2).

Multi-indices, exception:y is sometimes a Gaussian random vari-
able (sectior2.2.3.

Probability spaceg-algebra of events. (sectidhl)
Characteristic function of a st

Space of infinitely often differentiable functions with compact sup-
portinR c RY.

Covariance of the random variables k», defined as caki,Kz) =
E ((K1— Mk, ) (K2 — [k,)) (Section2.1)
The covariance matrix of a random veckiiw).

Dimension of space; the spatial domain of the SPDEdsRY (sec-

tion 3.1).

The Laplace-operator.

The distribution function of a standard Gaussian random variable,
erf(x) 1= Fur(0,2)(X) (section2.1).

Expectation operatoE (g(K)) = [o 9(K(w)) dP(w) = [r 9(k) dF(K)
(section2.1).
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fy(X)
F (k)

Y

M'm

The probability distribution function of a Gaussian random variable,
fy(x) = (2n)+/20 exp(— (XZO‘Q) ) (section2.1).

Distribution function of a real-valued random variailedefined as

Fi (k) = Pc(—00,K) = P{k < k} (section2.1).

Depending on the contextmay be a multi-index (sectidh2.3. Al-

ternatively,y may denote a Gaussian random variable or a Gaussian
random fieldy(x, w),x € R w € Q. (section3.2.1).

Gaussian probability measurernmdimensions,

dl m(x) = (21)~™2exp(—|x|2/2) dx (section2.2.1).

Univariate Hermite-polynomial of degreéor x € R (section2.2.3.
Multivariate Hermite-polynomial, indexed by the multi-indexDe-
fined asHq (W) = [ien ho; (1) (section2.2.3.

Sobolev Hilbert space of once differentiable functions, completion
of C°(R) (sectior4.1).

A Hilbert space, the spatial part of the solution (sectal).
Homogeneous chaos of degneésection2.2.3.

m-dimensional homogeneous chaos of degrégection2.2.3.
Polynomial chaos of degrge(section2.2.3.

m-dimensional polynomial chaos of degrneésection2.2.3.

Integral in anm-dimensional spack, () = E (W(w)) (section7.1).

The eigenfunctionk (x), kz(X), . .. in the Karhunen—Loéve-expansion,
ki € L(R) (section5.1.9.

A random fieldk (x,w),x € R w € Q (section3.1).

Vector of random variables. K(x,w) is a random field, ther =
(K1,...,Km) is the vector of random variables in its truncated KL-
expansion (sectiob.1.2.

The uncorrelated random variablgéw) occurring in the Karhunen—
Loéve-expansion of a random fietdx, w) (section5.1.2).

Projection of a random field onto the polynomial chad$§)(x) =

E (K(X,")Ha)

The eigenvalues in the Karhunen—Loéve-expaniom; Ao > --- >

0 (sectiorns.1.2.

For 0< p < oo the standard-Banach spaces (or Hilbert-space for
p = 2) of functionse V whosep-th exponent is finitely integrable.
L>°(V) is the space of essentially bounded functions (se@iar).

The meanp = E (k), of the random variable (section2.1).

The mean vector of the random vectkor
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Pn(G)
AQY

Qz(W)

Denotes the number of independent random variables.

A Gaussian random variable with mgaand variance®). A N(0,1)
random variable is callestandard Gaussiafsection2.1).

Space of multi-indicegNo)Y := { (a € Ng)¥| only finitely manya;
are nonzerg (section2.2.3.

Set of multi-indices identifying therdimensional polynomial chaos
of degreep, defined agNo)Z , := {a € N™||a| < p} (section2.2.3.
A probability spaceQ: set of elementary event; the c-algebra
of events;P: probability measure (sectidhl).

w either specifies an elementary evewntc Q, or it specifies a se-
quence of independent random varialles (wy, 0y, .. .)

w1, Wy, ... denote independent random variables.
Vector ofmindependent random variables= (wy, . . ., Wm)"
Probability space, set of elementary events (se@i@n

Nonlinear transformation used to transform a Gaussian field into a
non-Gaussian ongx, w) = @(X,y(X,w)) (section3.2.2).

Probability density funciton (PDF) of a random variakledefined
aspk(k) = % (section2.1).
Probability measure (sectiéhl).

Probability measure that is induced by a random variabte its
range (sectio.1).

Linear space of polynomials on a Hilbert sp&&ésection2.2.3.
Used in Smolyak constructioAQl(') = Q,(') — QfBl, whereQl) is a
quadrature formula (sectiohl).

High dimensional integration i integration pointsQz (W) ~ E (Y(w))
(section7.1).

The spatial region on which a stochastic field or the SPDE is defined,
R c RY (section3.1).

Standard deviation of the random variakledefined a®« = /Vak
(section2.1).

Abstract space of stochastic functions (sectal).

Hida distribution and test function spaces (secfd3).
Kondratiev distribution and test function spaces (sec2@h
Space of rapidly decreasing functions (secan.2).

Space of tempered distributions (sectih@.?.

Smolyak formula of level in mdimensions (Eq.4.1.9).
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Ty Operator of stochastic PDE,indicates the dependence on the mate-
rial parameter (sectiofh.1).

varg Variance of the random variable defined as var= E (k?) — pZ
(section2.1).

= The set of nodes used by the quadrature forr@jia(section7.1.4.

X Point in the spatial domaix,c Rc RY .
y Point in the spatial domaily,c R c RY.
Z The number of integration points (sectidr).
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Chapter 2

Basics

To fix notation, the most important basics of probability theory and stochastic
analysis are presented condensedly. This chapter is quite technical—the contents
are important mainly for the (themselves technical) se@idand chapted. The

rest of this review may mostly be understood without reading this chapter. Hence,
readers not so much interested in the mathematical formalism may skip parts of
this chapter with little loss.

2.1 Basics of Probability Theory

First, some basics of probability theory are summarised; sedBaiger(1997);
Papoulig(1991); Grigoriu (2002.

A probability space is denoted i, B, P), whereQ is the set of elementary
events B is theo-algebra of events arfédis the probability measure. The symbol
w specifies an elementary event Q.

Random variableRVs) are measurable functien Q — V, whereV is a mea-
sure space, and they will be written in Greek letters/ # RY, thenk is arandom
vector, which is emphasised by bold Greek letters. Bhalgebra generated by a
set of random-variable§; }ic7 with an index sef is calledZ({K;}ic7).

A random variablex with values inV induces a probability measure &h
calledPy; Px is called theprobability distribution ofk. The distribution function
of areal valued random variatiés calledFy (k) = P« (—o0, k) = P{k <k}, and—
if it exist—its probability density is denoted hy (k) = d'j;—lgk).

RVs are often characterised by their statistics defined as expectation

@11 E(g) = [ gk(®) dP@) = [ glK) dR(x)

whereg is some suitable function. Important statistics are the npganE (k), the
variance var = E (k?) — |2, the standard deviatiomy = \/Valk. The probability
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thatk takes values in B-measurable set may be writtenR< € B} = E (Xg(K)),
whereyg is the characteristic function &.

The covariance is a bivariate statistics @GoMK2) = E ((K1 — M, ) (K2 — [k, ))
of two random variableg; andk,. In general, multivariate statistics may be
written for real-valueds, ... ,Km as

@12)  E(Qkam) = [ o [ gl k) QFnlbas e ),

whereg is some function and whei&, .k, is the joint distribution function of
K1,...,Km.

Let us mention a connection to numerical procedures: When discretising sto-
chastic problems in a Monte Carlo fashion, one usually starts with an abstract
probability spacéQ, B,P) and then represents the problem in a finite number of
independent random variablg$w) = (K1(w),...,Km(w))T. One may then work
with the probability space induced I8 on the range of the random veckor If
theKy,...,Km are independent, then EQ.1{.2 may computed due to Fubini’s
theorem as

(2.1.3) E(g(KL...,Km))=/R~--/Rg(K1,...,Km)dFKl(Kl)---dFKm(Km).

For such “coordinate systems” of independent RVs, usually vectors of indepen-
dent Gaussian RVs are used. Reasons are that two Gaussiay Ryvare in-
dependent if they are uncorrelated, i.e. if favy2) = 0, and that their linear
combinations are also Gaussian. Hence, Gaussian RVs may be transformed to
independent RVs by linear algebra.

A Gaussian RV with meamp and standard deviatioa is denoted by =
N (p,0%) (we will mark Gaussian RVs by the lettg). Its probability distribu-
tion function is

1 2
(2.1.4) fy(x) = (211)—1/20 exp(— %) :

A centred Gaussian random variable with unit varian®€0, 1), is calledstan-
dard Gaussian The probability distribution function of a standard Gaussian ran-
dom variable will be called efk) := Fy(g,1)(X).

Stochastic properties are often specified as nonlinear transformations of Gaus-
sian random variables. For this, one may exploit the well-known fact that a stan-
dard Gaussian random variable is mapped to a random variable with distribution
functionF by the transformatiof,*(erf(\'(0,1))) (e.g. Papoulis 1991).
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2.2 Spaces of Random Variables

The mathematical theory of stochastic PDEs involves stochastic analysis. For
introductions to this topics see e.dddlliavin, 1997 Janson1997. Only some
basic results relevant for the review are mentioned here.

2.2.1 Gaussian Banach and Hilbert Spaces

The LP norms for random variables are defined as usjiall, = E(Kp)l/p for
0< p< oo and||K|l. =esssupfx|. The spac&P =LP(Q, B,P) is the space of all
random variables ofQ, B,P) that satisfy||k |, < co. Just as in the deterministic
casel?is a Hilbert space, and is a Banach space ford p < co. For 1< p < oo,
the dual is(LP)’ = L9 with g~1 + p~! = 1. Furthermorel." is a dense subset bf
whenever < p<r < co.

For centred variableg, y» € L2, the expressiofy, y2),2 := cov(yi, y2) defines
a scalar product with norry||3 := var,. A Gaussian Hilbert spacge.g. Janson
1997 G is a subspac6 of L?(Q, B,P) that only contains centred Gaussian ran-
dom variables and that is complete when equipped with the covariance as scalar
product. Note that the-algebra>(G) may be smaller thai; this is the usual
case when stochastic quantities are approximated in a finite number of indepen-
dent Gaussian random variables.

An important example for a Gaussian Hilbert spadéi$, By, 'm), wherely,
is the Gauss-measurdl m(x) = (2rm) "™ 2exp(—|x|?/2) dx, and By, is the Borel
o-algebra orR™. Stochastic properties will be approximated in such spaces in the
further review.

2.2.2 Measures on Topological Vector Spaces

Random fields are discussed in cha@erThey are collections of random vari-
ablesk(x) indexed byx € R c RY, but they may also be interpreted as R¥s

with values in a function spacdé. Let us hence comment on how a probability
measure may be constructed on a topological vector spdcat will be assumed

to be Banach or locally convex. For clearness, first Gaussian measure3asee
son 1997, example 1.13) are considered before the existence and construction of
general measures are discussed.

(a) A Borel probability measur® onV (with the Borelo-algebraB) is said to
be Gaussian, if each continuous linear functional V', regarded as a ran-
dom variable or{V, B,P), is Gaussian. If eactf € V' is centred Gaussian,
the completion o/’ C L?(V, B,P) is a Gaussian Hilbert space.
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(b) Arandom variable with values inV is said to be Gaussian,df— (v, k(w))
is a Gaussian random variable for any V', where(-, -) is the duality par-
ing onV’ x V. If K is centred, then the set of &lf ,k(-)),V € V’, is alinear
space isomorphic to the spa¢éconsidered in (a).

Probability measures may be specified on the diaif a given topological
vector spac&/ by their Fourier transform, i.e. by thetharacteristic functional
This is a generalisation of the characteristic function for real valued variables (e.g.
Papoulis 199]) and is defined fov € V as

(2.2.1) (V) :=E <é<K<'>vV>) - /V exp(i(V,v)) dR (V).

For a given functionatby on a nuclear spac¥, the following theorem states
conditions for the existence of a measBeonV'’.

2.1 Theorem: (Bochner-Minlos, seeGelfand and Vilenkin 1964 Theorem 2,
p. 350) Any continuous, positive definite functiordt on a nuclear space V,
with @y (0) = 1is the Fourier transform Eq2.2.1) of a countably additive positive
normalised measuren V.

For example, the functionab,(v) := e Y2V on the space of rapidly de-
creasing functiony = S(RY) satisfies the conditions of the Bochner-Minlos the-
orem. It thus defines a Gaussian probability meaByan the space of tempered
distributionsV’ = (S(RY))’ with the Borelo-algebral3 of S(RY) equipped with
the weakx-topology. The measur, is called thed-parameter white noise mea-
surg and the corresponding-valued random variablgis called thed-parameter
white noise procesdida et al, 1993.

For any@ € S(RY), a random variable oW’ is given by the magy — (v, @),
where(-,-) denotes the duality pairing o/ x V. As S(RY) is dense in_,(RY)
in the L%-topology and the map is continuous in this topology, it may be extended
to @ € Lo(RY). For all@y,...,q € Lo(RY) the random variables, @1), ... (-, @)
defined in this way are jointly Gaussian, and they are independent @ thse
mutually orthogonallfida et al, 1993. The closure o8(RY) in L2(P) is a Gaus-
sian Hilbert space on the probability spa@&RY)’, B,P) whereB is the Borel
o-algebra ofS(RY) equipped with the weak-topology (e.g. Janson1997, ex-
ample 1.16).

The requirement in Theoreth1thatV is nuclear is important—for example,
it is not possible to define a Gaussian measure on an infinite dimensional Hilbert
space (e.g.Choquet-Bruhat and Witt-Morettd982 chapter VIlI)—a Gaussian
measure may instead be found on a larger topological vector space into which the
Hilbert space is densely embedded (eJgnson1997 example 1.25).

For more examples of spaces with Gaussian probability measuridzeet al.
(1993.
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ho(x) = 1 h3(x) = x3—3x
) = x*—6x2+3
ho(x) = x*—1|hs(x) = x3—10x3+15x

=)
=
~~
X
N——
I
X
y
EN
—~
X

Table 2.2.1: Hermite polynomials

2.2.3 Polynomial Chaos

The polynomial chaoss also called théViener polynomial chagshe Wiener
chaos or theWiener Itd6 Chaos The name may be misleading: the polynomial
chaos is a space of orthogonal polynomials, and the name was termed by its inven-
tor Norbert Wiener\iener, 1938 long before the modern meaning of the word
“chaos” was established.

In the following, letG C L%(Q,B,P) be a separable Gaussian Hilbert space.
We denote the space of all multivariate polynomfalsef degreek by
(2.2.2)
Pu(G) :={p(wy,...,wm)| pis polynomial of degre&; wy,...,wm € G,m< oo}

and call the space of all polynomia¥(G) := U, Pk(G). Denoting byﬁk the
closure with respect tt?, we introduce the orthogonal decomposition

(2.2.3) H.—o: = 750, (the space of constants)
(2.2.4) H.=k := Pk O Pk-1, keN.

The spacé._y. is called thehomogeneous chaos of orde=kdH. <. := U}‘:O H-—x
is called thgpolynomial chaos of order.k

The space of polynomial®(G) is dense inLP(Q,0(G),P) for 0 < p < oo
(e.g.Janson1997 Theorem 2.11), and the orthogonal decomposition Jagson
1997, Theorem 2.6)

[0.9]

(2.2.5) LZ(Q,G(G), P) = EB H.—k
k=0

is called thepolynomial chaos decompositian theWiener chaos decomposition
of L2(Q,0(G),P) (Wiener, 1938.

One may explicitly construct the polynomial chaos by multi-variate Hermite
polynomials. These are tensor-products of (uni-variate) Hermite polynohyals
wherek € Ng specifies their degree; see TaBl@.1 Note that they are orthogo-
nal with respect to the Gaussian measure.

The construction of the multivariate Hermite-polynomials usesti-indices
These are sequences= (0;)icn Of non-negative integers with only finitely many
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Hog (0, az) = 1 Higo(w1,02) = hy(wn)
Hoq(wr,02) = hi(wy) | Hyp (o, en) = ha(on)hi(oy)
Hpg(wn,ap) = ho(wr) | Hog(w,0p) = hy(uy)

Table 2.2.2: Two dimensional polynomial chaos of order 2.

non-zero elements, and the set of all multi-indices will be called
(2.2.6) (No)Y := { (a e No)N|only finitely manya; are nonzers.

The modulus and factorial af € (Np)Y are defined agt| = 30 and asu! 1=
Mien(ai!). Algebraic operations on multi-indices are defined component-wise,
ie.a+PB=(ar+B1,024+P2...).

As G was assumed to be separable, it has a countable orthonormal basis of
random variables = {w }icn. Themultivariate Hermite polynomidbr a multi-
indexa may be defined as

(2.2.7) Ha (@) = [ ha (a).
ieN

This gives an explicit representation of the Wiener chaos: The set bf,&lb)
with |a| = kis an orthogonal basis {._.. Hence, because of the decomposition
Eqg. (2.2.5, any random variable of? with finite variance has al? convergent ap-
proximation in the multivariate Hermite polynomials; this was show&hyneron
and Martin(1947).

In numerical applications, stochastic quantities may be approximated in the
polynomial chaos of ordér over a finite dimensional Gaussian Hilbert sp&e
with orthonormal basiso = (wy,...,wy). The computations may then be per-
formed using the orthogonal basiskf<. that consists of alHy (w) with |a| <k,
e.g. see Tabl2.2.2 Consequently, ther-dimensional polynomial chaos of degree
k will be identified by the multi-index set

(2.2.8) (No)Zy := {a e N[ |a| <k},
For convenience, some properties of the polynomial chaos are collected below:

1. The vector space dimension of the homogeneous chaos iG gim stochas-
tic independent random variables is (eXanson1997, Corollary 3.24)

m _ (k+m-1
(2.2.9) H:K_( L

As Table2.2.3shows, this number grows rapidly in the number of Gaussian
random variables and in the polynomial degree.
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Stochastic/ Polynomial Vector space
dimensions Degree dimensions
m k of polynomial chaos
5 3 56
5 252
10 3 286
5 3,003
20 3 1,771
5 ~ 53,000
100 3 ~ 177,000
5 ~ 96,000,000

Table 2.2.3: Vector space dimensions of the polynomial chaos of degree
k in mindependent random variables.

2. TheHy are orthogonal and
(2.2.10) E (HqHp) = a! 8,p, specifically ||Hql|% = o
3. As the polynomial chaos is an orthogonal basi’at= L?(Q,0(G), P), any
random variable of finite variandec L? has thel*>-convergent expansion
(2.2.11) f=5 f@H,g,
Z a

wheref (@) = W—E(qu) = (a)"1E (fHq).
a L2

4. The projectionf(®) may be computed analytically for smooth random vari-
ables. Leto= (wy,...,wn) be an orthonormal basis & and let a random
variable f € L? := L2(Q,d(G),P) be given as a functioffi(cwy, .. ., wn). If
all its partial derivatives belong i, then

(2.2.12) @ — (al)"LE(D"f),

whereD? is the partial derivative with respect to the multi-index (eMglli-
avin, 1997, Theorem 3.1).

2.3 Stochastic Distributions

Just as generalised functions (distributions) are continuous functionals on test
spaces of smooth function&él'fand and Shiloy1964), generalised random vari-
ables (stochastic distributions) are functionals on test spaces of smooth random
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variables Hida et al, 1993 Holden et al.1996. The spaces of distribution spaces
considered here are called the Hida and Kondratiev distribution spdicksdt al,
1993 Holden et al. 1996 Benth and Gjerdel998.

Analogous to the characterisation of tempered distributions by the Fourier co-
efficients of their Hermite expansion (e.greed and Simqnl98Q p.143), gen-
eralised random variables may be constructed as formal polynomial chaos expan-
sions Hida et al, 1993 Holden et al. 1996: Let the multivariate Hermite poly-
nomialsHy on a separable Gaussian Hilbert sp&clee defined as in Eq2(2.7).

LetV be a separable Hilbert space, te€ [—1,1] andr € R. For any (formal)
expansionf = 5 f(@Hy, with (@ ¢V for all multi-indicesa, define

(2.3.1) |[f[3,:= Z\If §(a)FP(2N)", where(2N)" := [ (2))™,
jEN

and defing S)P" as the vector space of all suéhwith || f|or < co. Then||-||or
is a norm, and the spac¢S)P" are separable Hilbert spacddida et al, 1993
Holden et al. 1996 equipped with the scalar product

(2:32) (f,9)pr = 3 (£, g @)y (al)™+P (2"

a

The dual of(S)P' may be identified with(S)~P~", and the duality pairing on
(9P x (9P'is

(2.3.3) (F. )= (F9.g)y al.

a

It is obvious that(S)®° = L?(Q). Forp > 0,r > 0 the random variables (RVS)
f € (S)P' have coefficient§ f (*)|| that decrease rapidly when the degjeelegrows
or when the maximum indexof non-zero elements; (the length ofx) grows. For
p,r > 0 the spaces therefore contain RVs that have faster decreasing coefficients
than required for finite variance. By analogy to the Fourier transform of determin-
istic functions, one may say that the largeor the larger, the more regular are
the random variables ifS)P'. These spaces are test function spaces, similar to
the space of rapidly decreasing functions. Their d¢8)s® " are the spaces of
stochastic distributions or of generalised random variables. Memb¢g df '
are generalised RVs or stochastic distributions, i.e. linear functionals acting on the
random test functions.

Holden et. alHolden et al(1996 use these spaces to construct (iar [0, 1])
the Kondratiev test spacg$)P := meO(S)p»k (with the projective limit topology)
and their duals, thiondratiev distribution spaceS)  := Uy>o(S) P

We consider now approximations of RVs and generalised RVs in the polyno-
mial chaos: Letf € (S, and letf} be its projection onto therdimensional
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polynomial chaos of degrde i.e.

(2.3.4) D= Zn f (O Hy.

ueNo
la|<k

A useful estimate for the error of this approximation was givenBeyth and
Gjerde(1998:

2.2 Theorem: (Benth and Gjerd¢1998 Theorem 3.1))
Choose p> 0and g€ R such that .= p—q > r*, where  solves the equation
r*=2"(r* —1); note that ¥ ~ 1.53. Letp e [-1,1].

Then for any fe (S)~P~9and ge (S)PP the inequality

(2.35) (f=120)] <IIfl-p—q* Igllp.p- c(mk,p—)

holds, where

r k+1
(2.3.6) c(mk,r) = \/Cl(r)ml_r +Co(r) <m) ;

and where g(r) = (2"(r—1) —r)~tand g(r) = 2"(r — 1) - cy(r).

2.3 Remark: In the proof given inBenth and Gjerd€1998 Theorem 3.1), the
estimates depend an:= p — g being greater than*. The proof still holds for
p € R. The proof concludes Eg2(3.6 from the inequality

(2.3.7) 1T — 5l —p.—p < If]l—p.—q-C(Mk, p—0q).

2.4 Remark: This estimate does not give a useful estimatg| bf- fZ} |2 in

terms of || f||.2; stronger regularity assumptions are required to estiraiap-
proximation errors.

2.5 Example: Benth and Gjerd¢1998 Example 3.4): Ifp =g+ 2 thenr =2
andc(m,k,r)%2 =1/2(m 1+ (1/2)%1). Then

1 _ _
(2.3.8) I =15l -p—p < Sl fll-p,—p+2-(m Lo,



24

Chapter 3

Random Fields

Uncertainties in physical quantities varying in time or in space may be modelled
by stochastic processes random fields Examples are the price of a stock (tem-
poral randomness), the hydraulic conductivity of soil (spatial randomness), or
wind forces acting on a structure (spatio-temporal randomness). Traditionally, the
phrasestochastic procesdenotes stochastic uncertainty in time, while the phrase
random fielddenotes stochastic uncertainties on a domain in higher dimensions.
Nonetheless, the mathematical definitions in the literature are often the same. As
we will mostly be concerned with randomness in space, we use theaagom
fields

Mathematically oriented introductions to stochastic processes are given e.g. by
Bauer(1991), Doob (1953, Krée and Soiz€1986, or briefly in @ksendal(1999
andKloeden and Plate(11995. More practically oriented textbooks are eRa-
poulis (1991, Grigoriu (1995 2002, or Van Treeq1968. For a mathematically
oriented work on random fields s@eler (1981), or Vanmarckg1988 for a more
practically oriented exposition. For a comprehensive treatment of random fields
with applications to the earth sciences §dgistakog1992. For introductions to
generalised stochastic processes and random fields s€zegfgnd and Vilenkin
(1964, Krée and Soiz€1986, Christakog1992), or Holden et al(1996.

3.1 Definitions of Random Fields

Now, definitions and interpretations of random fields are presented in a somewhat
informal manner. The specification of random fields in practice is discussed after-
wards.
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3.1.1 Characterisation of Random Fields

A random fieldk on a regiorR c RY and on a probability spad€, B, P) may be
interpreted as a set of random variables indexeal &yR or as a function-valued
random variable. In both interpretations, a random field is a measurable mapping

K:RxQ —R.

Recall that any random variable corresponds to a probability space that has as el-
ementary events the range and as probability measure the probability distribution
of the random variable; see sect@i. For random fields, this gives the following

two characterisation®\@dler, 1981 @ksendal1998 Christakos1992):

Probabilistic Characterisation: A random fieldk is a set of random variables
(3.1.2) K(X) :=K(X-):Q—R

indexed byx € R. It may be defined by specifying all finite dimensional (“fi-
di”) distribution functionsFy, . x,(X1,...,%n) = P{K(X1) <K A ... AK(Xh) < X},

with X1,...,X, € RandXi,..., %, € R. It will be assumed here thatis separa-

ble, a condition which e.g. guarantees that certain properties of realisations—Ilike
continuity—are determined by the fi-di distributiori3qob, 1953 Adler, 1981).

The probability space needs not to be specified explicitly, as it may be con-
structed from the fi-di distributions under weak consistency conditions @lg.
sendal 1998 Theorem 2.1.5). As discussed beldwmay be identified with the
set of realisations, and the fi-di distributions implicitly define a probability mea-
sure on the space of realisations.

Measure Theoretic Characterisation: Alternatively, a random field may be
defined as a random variable that has as values functions on a Regi@f. Any
elementary everb yields arealisation

K(-,w):R— R.
The realisations may be identified with the elementary events,
(3.1.2) “‘W(X) = K(X,w)",

and then one may identif@ with a subseQ C {w|w: R— R}. Definingk
amounts to specifying a probability measteon this function spac®. This

may in principle be done in conformance with given fi-di probability distributions
(e.g. see@ksendal 1998. But the interaction of the topological structure with

the measure-space structure complicates this as it may not be possible to define
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the measure on the Borelalgebra; for example, one cannot define a Gaussian
measure on an infinite-dimensional Hilbert-space (elgnson 1997 example

1.25). For nuclear spaces, the measure on the topological space may be defined
using the Bochner-Minlos (see secti?i2.2).

3.1.2 Generalised Random Fields

Highly erratic random fields, like white noise, cannot be described as above.
Instead, generalised random fields are required, seéselgand and Vilenkin
(1964); Krée and Soiz€1986. For example, responses of elastic structures under
white noise wind loads may by generalised random fidldslgh 1984 Krée and
Soize 1986.

Generalised Random Fields: In the view presented b§el'fand and Vilenkin
(1964 or Krée and Soiz€1986, a generalised random field (GR#)s a random
variable, which has as realisations generalised functions. As in the measure theo-
retic characterisation above, the probability space may be identified with the space
of realisations. Realisations are chosen as tempered distribufoasS(RY)’,
whereS(RY) denotes the Schwartz space of rapidly decreasing functions with the
weak-«-topology. The random evenfts are the Borel sets a. Other spaces

of functionals may also be used (e.g. s€ristakos 1992 Hida et al, 1993.

The definition of generalised random fields by their characteristic functional via
the Bochner-Minlos theorem and the construction of the white noise generalised
random field has been discussed in sec#igh2

Fields of Kondratiev Distributions:  In stochastic partial differential equations,
multiplicative noise may occur. It is then necessary to define the product of gener-
alised random fields. This is difficult, as it is not obvious how one may define the
product of two continuous linear functionals so that the result is again a continu-
ous linear functional.

Holden et al.(1996 overcome the problems of multiplying generalised ran-
dom fields by defining generalised random fields as Kondratiev distributions (see
section2.3) and interpreting products as Wick products. This is discussed in sec-
tion4.2.2

3.2 Specifying Random Fields

Abstract definitions of random fields have been given above. For engineering ap-
plications, the definition of a random field by all its finite dimensional distributions
or by a measure on a probability space is not practical.
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Some models of Gaussian and non-Gaussian random fields are discussed next.
For more in-depth discussions see e.g. the text bootshgoriu (1999 or the
comprehensive articlégrigoriu, 1997).

3.2.1 Gaussian Random Fields

A Gaussian random fieldx, ) on a regiorR  RY is a random field, for which
all finite dimensional distributions are jointly Gaussian.

Gaussian random fields are probably the most frequently used models. On the
one hand, this is due to theoretical reasons: they occur naturally because of the cen-
tral limit theorem, and they are the maximum entropy model if only second-order
information are available (see secti®t.4. On the other hand, they are easy to
work with: they are defined by their second-order statistics, uncorrelated Gaussian
RVs are independent, and linear combinations of Gaussian RVs are Gaussian.

The specification of a Gaussian random field is simple: any finite number
of Gaussian RVs are completely determined by their joint second-order statistics
(e.g. Papoulis 1997). Hence, any Gaussian random figldés also determined
completely by its second-order statistics, i.e. by its mggr) = E (y(x,w)) and
by its covariance function cQ{x,y) = E ((y(x, w) — (X)) (Y(y, ) — ky(y))) for
X,yeR.

However, not every function cQ{x,y) is a valid covariance function. For this,
coy needs to be symmetric and positive semi-definite (eiristakos 1992
Ch. 3.1), a property that is not always easy to assert, especially in higher spatial
dimensions. Some criteria are given in secod and some common covariance
functions are presented in sectid.

As discussed in sectioBi 1, the finite dimensional distributions implicitly de-
fine the probability space. Hence, the knowledge of the second-order statistics is
sufficient to define a Gaussian random field. Moreover, for any given (valid) co-
variance function cgyx,y) and mean functiopy(x), there is a Gaussian random
field y on R having these as second-order statistics.

3.2.2 Specifying Non-Gaussian Random Fields

As section3.4 will show, the modelling of non-Gaussian random fields is still an
active area of research. Some models for non-Gaussian fields commonly used are
discussed below. Some textbooks treating this topi®eetsch(1962, Grigoriu
(1995, Prigarin(2001), Ogorodnikov and Prigari(l.999.

Often, only second-order statistics and the marginal distribution of a random
field are prescribed (there is seldom enough statistical information available to
specify higher order statistics).
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Transformations of Gaussian Processes: It is a well-known fact that a standard
distributed Gaussian random varialdl€0, 1) can be mapped to a random variable
with distribution functionF, by the transformatioir,*(erf(\V'(0,1))), where erf
is the Gaussian distribution function, e.g. $&poulis(1991) and sectior2.1
Exploiting this fact, a non-Gaussian Random field may be specified as a non-
linear transformation of a Gaussian random figl®R x Q — R with meanpy(x)
and covariance function ceix,y). Without restriction of generality, assume that
it is centredpy(x) = 0, and that it has unit variance y&x) = cow(x,x) = 1.
Using a nonlinear transformation
(3.2.1) K(X, W) = (X, (X, w)) := FK_(1 oerf(y(x, w)),

X)

a non-Gaussian random fietdis defined, which has at any poixnthe marginal
distributionF¢(x). If @is the inverse of a distribution function without atoms, it
is monotonic in the second argument and hence invertible. This representation
is sometimes called the “method of inverse distribution functio@jqrodnikov
and Prigarin1996.

The p-th order moments of are

(3.2.2) E (K(x, 0)P) = /R (%, W)Pd R, (W),

wheredF, is the standard Gaussian measure from Ed..§ (with u=0,0 = 1).
The covariance ok is

(323 cox(xy) = [ [ o0cwa)alywa)dRyp (Wi W)~ i OOM(Y)

wheredFy) vy is the joint probability density of the two Gaussian random vari-
ablesy(x) andy(y).

Usually, not the second-order statisticsyore prescribed, but those &f
Hence, the combination gfand coy(x,y) has to be selected so theix, w) satis-
fies given second-order statistiagg x) and coy(X,Y).

If @(x,y(x,w)) = @(y(X,w)) and ify is homogeneous (see secti®13.]), then
K is called a translation random field. For such fields and¥ar R, methods for
obtaining coy from coy are given byGrigoriu (1995 1998: in this case, the
relation between cvand coy may be inverted if the distributiof has no atoms,
and the relation may be obtained by evaluating BaR.Q analytically or numeri-
cally, or by obtaining a differential equation for goslepending on cgDeutsch
1962. Some analytical formulas for various marginal distributions including the
uniform, the lognormal, the arcsin, the Rayleigh, and the exponential distribution,
are given byOgorodnikov and Prigari(il996 and byGrigoriu (1995.

However, arbitrary choices of marginal distribution and target covariange cov
may lead to inconsistencies. It is further possible that the resultingisavwot
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non-negative definite and hence not a covariance function. This problem and suf-
ficient and necessary conditions for the existence of a random processZEd). (
with given marginal distribution and correlation structure are discuss€ijbyod-
nikov and Prigarin1996 and byGrigoriu (1995.

Another procedure for finding covor regionsR in higher dimensions may
be found inSakamoto and Ghane(2002. There, the non-Gaussian process is
expanded ag(x) = ¥;Ki(x)hi(y(x)) whereh; denote the Hermite polynomials,
and a set of nonlinear equations is obtained for the correlation of the Gaussian
processy.

Representation as Expansions It is sometimes proposed to represent a non-
Gaussian random field as a finite sum of independent centred (non-Gaussian) ran-
dom variablex;(w) times deterministic functiong(x) : R— R as

(3.2.4) K(X, ) = K(X) + _iki(x) Ki(w).

This model is used e.g. liyeb et al(2001); Babuska and Chatzipantelidiz002
and byLucor and Karniadaki$2003. Representations of this form may be ob-
tained from experimental data by a principal component analgsibySka et al.
20029; see section.2

Similar representations with non independent random variahlase used in
statistical inferencex(x, ) = K(x) + TM 1 ki (X)R (%, w), where thek;(x;,w) are
measurements at some positignand where thék;(x) are weighting functions
(Ripley, 1988.

The advantage of this representation is that the field is described in a finite
number random variables and hence the discretisation techniques of chapter
need not to be applied.

However, if thek; are non-Gaussian (ner-stable, see below), the marginal
distribution ofk is usually not known analytically. For example, some of the
papers cited above use uniformly distribute@nd do not address the question of
what marginal distribution the resulting field will have.

One way to prescribe second-order statisticskfonay be to defin as the
first terms of the Karhunen—Loéve expansion (see sebtibd) of a random field
with given covariance. This yields a series wherekhare uncorrelated but not
independent. If then the higher order correlations between the random variables
Kj are neglected, a good approximation of the desired field may be obtained, but
the author is not aware of studies on this.

a-stable random variables: These are random variables defineddog (0, 2].
They are Gaussian far = 2 and have non-Gaussian distributions with heavy tails
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for a € (0,2). a-stable RVs are mentioned as they may be used to numerically
model random fields with infinite variance, but they will not be discussed in de-
tail; for introductions see the textbook I8amorodnitsky and Taqqd 994, the
collection byCambanis et a(1991), or the brief introduction bysrigoriu (1999.

The class ofu-stable random variables is characterised by the property that
linear combinations ofi-stable random variables are agahstable random vari-
ables. A generalised central limit theorem holds destable random variables:
the family of a-stable distributions contains all limiting distributions of sums of
i.i.d. random variables. This simplifies the handling of series expansionwith
stable random variables as coefficients as the resulting marginal distributions are
known.

Near the origin the probability distributions ofstable RVs behave similar-
ily to the Gaussian distribution, but their tails are the heavier (i.e. more slowly
decreasing), the smalleris. The parameten € (0,2] determines the stochastic
regularity of the random variables: far= 2, Gaussian random variables are in-
cluded. Fom < 2 thea-stable random variables have only moments of order less
thana and hence have infinite variance.

Other Models: Other models for non-Gaussian random fields not discussed
here include transformations with memory, non-Gaussian autoregressive moving
averages (ARMA) witha-stable noise, filtered Poisson processes, parametric ran-
dom field models, or models based on stochastic differential equations; e.g. see
Grigoriu (1995.

3.3 Properties of Random Fields

The properties of a random field should match these of the physical quantity being
modelled—on the one hand with respect to statistical properties of the ensemble,
like type of distribution function, homogeneity or isotropy of the field—on the
other hand with respect to properties of realisations as continuity, differentiability,
positivity (i.e. questions about the space of realisat@pnsDifficulties in achiev-

ing this partly stem from the non-obvious ways in which the probability measure
and the functional-analytic properties of sample functions interrelate.

3.3.1 Ensemble Properties

The following properties are common assumptions in modelling random fields.
For example, itis common in the earth sciences (€lgristako$1992 p.56) to as-
sume that random fields observed in nature are either homogeneous and isotropic
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on the domain of interest, or that they are random fields with homogeneous incre-
ments.

Homogeneity: A random fieldk is strictly homogeneous (or “stationary” in 1D)
if its finite dimensional distributions are invariant under translations. A strictly
homogeneous random field is (weakly) homogeneous, i.e. it has constant mean,
and its covariance is a function of separation distance only,(&oy) = c(X—Y).
Every homogeneous Gaussian random field is strictly homogeneousA@ley,
1981), but the converse does not hold.

Homogeneous random fields may be defined by their spectral representation.
This provides a practical way of defining valid covariance functionsi €Qy) is
a covariance function, if it is non-negative definite. This is in general difficult to
check (see e.gGel'fand and Vilenkin 1964 Chapter Il), but for homogeneous
random fields, Bochner’s theorem (e.Reed and Simgrl975 Theorem 1X.9)
may be employed. It states that a continuous funatiti, h € RY is non-negative
definite if and only ifc(h) = fpaexp(ir - h)dQ(r), whereQ(r) is a non-negative
finite measure. Hence, i h) is the Fourier transform of a bounded non-negative
function, it is non-negative definite and if it is also symmetric, then.ay) :=
c(x—Y) is a covariance function; cf. also the Bochner-Minlos Theogein

Isotropy: A homogeneous random field is isotropic if its fi-di distributions are
invariant under orthogonal transformations; it is weakly isotropic if its covariance
is a function of the absolute value of separation distance only,(&oy = c(||x—

y||). Any weakly isotropic Gaussian field is strongly isotropic.

Valid isotropic correlation functions and a criterion for checking whether a
function is a valid covariance function for an isotropic fielén RY are given by
Christakoq1992 Section 2.8.3).

Sufficient conditions forC(x) := c(||x||) for x € R%,d = 1,2,3 to be non-
negative definite are that(0) < 0, thatrﬂronoc(r)/r(l—d)/2 =0, and thatvr > 0

ford=1: c’(r)>0
(3.3.1) ford=2:  [*u(W?—r?)~Y2dd(u) >0
ford=3:  ’(r)—rc®(r)>0.

For example, the exponential mod#®t) = exp(—r/a) satisfies these conditions
for d = 1,2,3 and hence is an admissible covariance model for isotropic random
fields in one, two, and three dimensions. More valid correlation functions are
given byChristakoq19932.
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3.3.2 Properties of Realisations

The question about properties of realisations is equivalent to the question on how
the probability spac® is defined in the measure theoretic construction of sec-
tion 3.1 For instance, if realisations are continuous, tiea C(R) with R c RY.

Two different views prevail in the literature: theoretical texts often construct
Q and the measure explicitly, while application oriented works specify its fi-di
distributions and do not characterise the space of realisations explicitly.

If the random field is given by its fi-di distribution functions, it is difficult to
make almost sure statements about sample function regularity and henc&about
(some results are iddler, 1981, Walsh 1984), but for practical considerations it is
often sufficient to consider regularity in a mean square sense (e.§lsestakos
1992 Adler, 1981, Vanmarcke 1988.

Continuity: A random fieldk is mean square continuous (m.s.-continuous) in

if E(||K(Xh) —K(X)]|?) — 0 for x, — x. If k has zero mean, then this is the case if

and only if its covariance function cg{x, y) is continuous ik =y (Adler, 1981).
Almost sure continuity of sample functions is a stronger property, and a suf-

ficient condition Adler, 198]) is that constants; > 0,c, > 0,c3 > ¢; exist with

Cz|h‘2d

(3.3.2) E (Jk(x+h) —k(x)|) < Tlog|n] [T7&°

For c; = 2 this yields a sufficient condition for almost sure continuity based on
the covariance function.

Differentiability:  The partial mean square derivatives (m.s.-derivatives) of a
zero-mean random field exist if the covariance function is twice differentiable.

Then the mean square partial derivatiggg(x) := l.i.m.g ow exist

and are random fields with covariance ggyx,y) = % (Adler, 1981).

Their cross covariances with the original field are £ (X,y) = , and
if K is Gaussian, then its m.s.-derivatives are Gaussian, too. Exten3|on to higher
order derivatives is straightforward.

As for almost sure continuity, almost sure differentiability of realisations is
difficult to characterise. If EQ.3(3.2 is satisfied for the mean square partial
derivatives ok (x, w), then the process is a.s. differentiable with continuous partial
derivatives Christakos1992).

0 covK (xy)

Physical Validity of Distribution:  Often, physical quantities are bounded or
positive. The random field should reflect that. One practical way to achieve this
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is to use a nonlinear transformation of a Gaussian field as in s&:2oh where
the transformatiopin Eqg. 3.2.1) is positive and bounded.

Many publications on stochastic mechanics use Gaussian or lognormal ran-
dom fields as material parameters, e.g. for modelling the elastic modulus of a
structure. This approach is doubtful as every Gaussian variable has a positive
probability of being negative. If such models are used as materials, ill-posed
problems may result; see sectiér8. Similarly, the case of unbounded material
parameters needs to be considered carefully, as the resulting operator may then be
unbounded; see sectidm3.

3.4 Models for Random Fields

The main line of work in stochastic mechanics has so far been on methods for
solving systems with given random fields, and hence publications often choose
models for random fields (correlation structure, marginal distributions) without
justifying the choice by experimental evidence. This section discusses how mod-
els for random field may be chosen in applications.

3.4.1 Common Correlation Models

The covariance of a homogeneous figlds often modelled (e.g.Christakos
1992 as

(3.4.1) cow(h) = c(h'Gh), or as
(3.4.2) cow (h) = c(VhtGh), heRY,

where G is a non-negative matrix whose eigenvectors denote the directions of
anisotropies. IG is the identity matrix, then an isotropic field is obtained.

In most publications on stochastic mechanics, the one dimensional correlation
functioncis chosen as one of the correlation models presented below—the models
presented here describe the output of a linear system excited by a Gaussian white
noise processvanmarcke 1988 Ogorodnikov and Prigarirl996):

Autoregressive Correlation Models: The exponential covariance function
(3.4.3) ca(r) =o%exp(—a~tr]), reR

is obtained as the covariance of the first order autoregression for a discrete series
of random variables

(3.4.4) Kt = CKt—1+ W,
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wherek; is the random variable ate Z andw; is an i.i.d. random series. For
the continuous case it corresponds to a random pracsasisfying the Langevin
equation of Brownian motioR(t) +a~1k(t) = w(t), wherew(t) is white noise

with intensityGo = 2/(am) (Vanmarcke 1988. The resulting process is Marko-
vian and mean square continuous but not differentiable. Its correlation radius is
a.

If a random field onR c RY is defined ford = 1,2,3 as in Eq. 8.4.2 or
Eq. 3.4.]) with this one dimensional correlation model, the result is an admissi-
ble covariance functionGhristakos1992. Such covariance structures are very
common in publications on stochastic finite elements, e.@hanem and Spanos
(19911 for the bending rigidity of a beam, iKiu and Karniadakig20023g for
Gaussian random velocities in a channel flonJandak et al(2002 for stochastic
transport velocities of an advection equation. A similar model is use@hianem
(19981, who models the permeability of sand by a covariance function of the
form cow(x,y) = 11 Ca ([ — yil).

The autoregression model E.4.9) is unilateral: the dependencetqfon its
neighbours is only in one direction, and such a model is plausible for processes
in time. Xiu and Karniadakig2002h note that for processes in space a bilateral
autoregressioRy = C1K;_1 + CoK¢+1 + W would be more realistic. They refer to
Whittle (1954 who notes that it is unnecessary to use this bilateral model in one
dimension, as it may there be reduced to the unilateral model.

However, for random fields in more then one dimensianand Karniadakis
(2002D call the use of this correlation model into question. They reféVtat-
tle (1954 who showed that in two dimensions the correlat@{n) = exp(—r/a)
(wherer is the distance between two points) corresponds to the physical system

(3.4.5) (D—a )3 (xy) =w(x.y),

whereA is the Laplace operator. As the physical mechanism leading to such a rela-
tion is difficult to visualise Whittle (1954 suggests the use of the autoregressive
model

(3.4.6) Kst = C(Kst1t +Ks—1t +Kst+1+ Kst—1) + Wst

for a discrete process on a grid, which corresponds in the continuous case to a
Laplace equation with white noise forcing

(34.7) (B=b72)K(xy) =W(xy),

whereb is an appropriate constant. The resulting covariance in two dimensions is
then with an appropriate

(3.4.8) C(r)= ;Kl(g)a

whereK; is the modified Bessel function of the second kind with order 1.
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Smooth Model: The “Gaussian” type covariance

(3.4.9) ca(r) =o%exp(—a~2r?), reR

is another very frequently used model. Its correlation radiug is ana The
associated process is smooth: it is m.s. continuous and differentiable of any order.

If this covariance is used in Eq34.2 in RY, a valid covariance model is
obtained for arbitraryl as can directly be seen from Bochner’s theorem, see sec-
tion3.3.1

3.4.2 Statistics from Sampling

The statistical information about random fields modelling a real world phenome-
nom may be obtained by measurements. For overviews on the sampling of ran-
dom fields see e.gRipley, 1988, Christakog1992), Sobczyk and Kirne(2001),
Martinez and Martinez2002), or Smith(2001).

Obtaining statistical information for spatial random fields is difficult as the
standard methods of statistics or time series analysis cannot be directly applied
to spatial data. For example, there may be different trends in different directions,
and data sets are usually taken on a bounded subset BfthEor points on the
borders of this domain, edge corrections have to be apdReddy, 1988.

The fi-di distributions required for the definition of a random field comprise
an infinite number of parameters, hence a valid probabilistic model of a physical
guantity cannot be obtained from experiments alone and measurements have to be
combined with additional hypotheses.

Such hypotheses are presented@iyistakos(1992 chapter 7), where it is
argued that the mathematical modelling of natural processes by random models
requires certain fundamental non testable working hypotheses, auxiliary hypothe-
ses, and a heuristic for determining spatial correlation models. The fundamental
hypotheses proposed there require that any real world observation is a realisation
of a random field, that all calculations may be based on second-order information,
and that one realisation of the natural process contains all statistical information
about the ensemble. The auxiliary hypotheses for the random fields include e.qg.
homogeneity and isotropy.

The validity of these hypotheses for real-world problems may be put into ques-
tion, but they are a compromise between the requirement to provide a theoretical
basis for the description of random fields occurring in nature and common prac-
tice. For example, in common practice soil properties are usually characterised by
second moment information (given by a variogram, see below), and spatial prop-
erties need to be assumed to be homogeneous or isotropic, as there often is only a
small number of data sampleRipley, 1988. However, the isotropy assumption
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is problematic; for example, the samples need not to be isotropic, even when the
underlying spatial process iRipley, 1988.

In the earth sciences, statistics for homogeneous random fields are often given
as semivariograms (e.gSmith, 2001 Christakos1992. A semivariogramv(h)
measures the variance of the difference between samples at different places de-
pending on the lag vectdre R,

(3.4.10) v(h) = var(k(x) — K(x+ h)).

The semivariogram is similar to the covariance, dayx+ h) = vark —%V(h), but

it is subject to smaller errors as it does not depend on the measured Gleas (
takos 1992. Once a semivariogram has been measured it needs to be checked
whether or not it is admissible, i.e. whether it defines a valid covarianc€lses
takos(1992 for criteria.

According to Eq. 8.3.2, the behaviour of the variogram at the origin deter-
mines the regularity of the random field. However, the regularity may depend
on the scale used in the sampling procedure. Often, the extrapolation to a zero
lag yieldsv(0) # 0. This so-calledhugget effecinay result either from incorrect
sampling or from the existence of discontinuities (nuggets) in the mat&naikig,
200J). If nugget effects occur, the resulting random field is irregular and it may
be necessary to model it as a generalised random field; see s&dtidn

For special cases of homogeneous fields, statistics can be computed from
one sample even without the assumption of ergodid&igbuska et al.2002g—
this is discussed here in one dimension: Assume Zhatdependent observa-
tionsk1(X),...,Kz(x),x € R, of a homogeneous random fietdwith covariance
cov(X,y) = c(x—Yy) are available at sampling points ..., xy. Then an unbiased
estimator for the mean &N = ﬁ S, z'j\‘:lKi(xj). This estimator is consistent
(i.e. converges to the true mean fdrZ — oo) for a constant number of re-
alisationsZ if and only if fol(l— x)c(x)dx= 0 (BabuSka et al.20023. Hence,
homogeneity is sufficient for obtaining a valid estimate of the mean only for spe-
cial types of covariance functions. This problem may be overcome in practice
(Babuska et a]20023—see there for a discussion of similar problems in estimat-
ing the covariance of a homogeneous field from a small number of samples.

If statistics have been obtained for some kind of problem, the data measured
for an actual observation may be incorporated by preconditioning the stochastic
fields—seeHoshiya and Yoshid&1997) and the references therein. A methodol-
ogy for this is Kriging Matheron 1963, which is an optimal prediction of data
at some point using linear combinations of nearby observations. An introduction
is given e.g. bySobczyk and Kirne(2003).
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3.4.3 Connection to Homogenisation

Real world measurements are often difficult to obtain. To obtain a model for
the random fields, realisations of the micro structure of random materials (e.g.
see Sobczyk and Kirner2001 Torquatg 2000 may be generated and statis-
tics may be obtained from these. The assessment of their statistical properties
may then be based on a random meso-scale description of the material obtained
on a representative volume element (RVE), e.g. by homogenisation techniques
(Ostoja-Starzewskil994). It has been noted that most models of random fields
lack a connection to the material microstructur@stpja-StarzewskR001). A re-
cent overview on upscaling and homogenisation has been given in the collection
(Dormieux and Ulm2002. For overviews on the effects of micro-scale fluctu-
ations of heterogeneous materials see 2ahdi and Wriggerg2001) and the
references therein.

Huyse and Maegl 999 200Q 2001) obtain random microstructures describing
an elastic continuum by performing a Delauney triangulation of points distributed
according to a homogeneous Poisson random field (e.gSebéezyk and Kirner
2001, Chapter 3.2). They interpret the links in the triangulation as springs with de-
terministic stiffness. A homogenisation of the resulting structure yields for each
realisation of the Poisson process an elastic stiffness tensor, and a Monte Carlo
procedure is used to obtain the statistical properties of the elastic modulus. They
conclude that the usual constitutive laws may not be simply randomised as this
leads to a perfect correlation between the axial shear modes while stochastic ho-
mogenisation results in no correlation at all. It is further concluded that modelling
only Young’s modulus as a random field usually underestimates the true variability
of the random field.

Another approach to finding the probabilistic distribution of effective param-
eters is presented gamihski and Kleibe2000 andKaminski (2001). There,
a periodic composite structure is considered, where the material is defined as a
random field. Due to the random field, the homogenisation problem for the ref-
erence volume element (RVE) becomes a stochastic equation, which is solved by
the second-order perturbation method (eKjeiber and Hien 1992 to obtain
stochastic effective material parameters.

3.4.4 Choice of the Marginal Distribution

If one accepts the hypothesis that distributions of the random field should be cho-
sen so that existing information is exploited as much as possible, then the distribu-
tions should be based on thenciple of maximum entropidaynes 1957, Shannon
1948), Papoulis 1991, e.g. ). Only considering marginal distributions, it may be
concluded thatFapoulis 1991
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e ifitis only known that a variable takes value in a bounded region, it should
be modelled by a uniform probability distribution.

o if the available information are the second-order statistics, then a Gaussian
distribution should be chosen.

e if the information available are the higher order moments of the property
and if a (possibly unbounded) intervia, b], a,b € [—o00, ] is known in
which the values lie, wheri@, b] = R if no information on the range is avail-
able, then the maximum entropy density (%) = cx 5 (X) €Xp(— S AAX),
Here, the constants A4, ...,k are the solutions of a system of nonlinear
equations involving the moments.

3.5 Conclusions

In order to obtain stochastic models for random fields, their statistical properties
have to be measured or obtained by other means. Most publications of stochastic
finite element techniques do not employ real life statistical models. Instead, they
use the exponential model E®.4.3 or the smooth model Eq3(4.9 for the
covariance structure. The reason for this may be that obtaining spatial statistical
data is difficult Ripley, 1988, but as the discussion in sectiBm.1shows, the
exponential model may not be the right choice in two or three spatial dimensions.

The quality of statistical information required for a good model for a random
field depends on the intended application. For exaniglishakoff(1999h argues
that in the prediction of small failure probabilities, small changes in the probability
distribution function (PDF) of material parameters may have a significant effect
on the computed system’s reliability—even if all moments of the chosen PDF
match the moments of the true PDF. However, as will be seen in setBdor
elliptic problems, the system’s answer depends continuously on variations in the
probability distributions of material parameters and hence the model is stable with
respect to the statistical information.

Most publications on stochastic methods adopt more or less justified hypothe-
ses about statistical properties, like stationarity, ergodicity, or the validity of Gaus-
sian distributions for material properties. As discussed in se@®iér2 such hy-
potheses are necessary to obtain sufficient statistical information.
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Chapter 4

Theory of
Stochastic Partial Differential
Equations

If parameters in a PDE are stochasticstachastic partial differential equation
(SPDE) results. The focus of the present review is on randomness of the param-
eters in the operator, i.e. on stochastic partial differential operators. The SPDEs
considered here are hence different from stochastic differential equations (SDESs)
(Kloeden and Plater1995 @ksendal1998 or partial differential equations with
white noise forcing\\Valsh 1984 Krée and So0ize1986 Rozanoy 1998 Potthoff

et al, 1998.

Theories on the solution of SPDEs with random operators were published by
Holden et al.(1996, Benth and Gjerd€1998 and Besold(2000. There, the
random parameters were assumed to have infinite variance. Other investigations
on SPDEs with random operators but with finite variance random fields were pub-
lished byBabusSka et a2002; Deb et al(2001); BabuSka and Chatzipantelidis
(2002; Babuska and Liy2003; Babuska et al(20023. A theory for nonlin-
ear SPDEs was published Matthies and Kees@003 andKeese and Matthies
(20039.

A case not discussed in this review is an uncertain geom&apuska and
Chleboun(200)) investigate this case for a non-stochastic model of uncertainty.
They discuss that for general boundary conditions the straightforward idea of con-
structing a series of problems defined on geometries converging to the correct
geometry yields a model converging to a wrong solution. While their model is
non-stochastic, their observations need to be taken into account if stochastic ge-
ometries are considered.
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4.1 Partial Differential Equations
with Stochastic Coefficients

In the following, solutions of SPDEs are discussed for a stochastic elliptic bound-
ary value problem as model kept simple for clarity; the theory presented may be
extended to more general elliptic SPDEs and to the case of more general (possibly
stochastic) boundary conditions in a straightforward manner.

Denote byk (x,w) and f (x,w) random fields on a domaiR ¢ RY and a suit-
able probability spac€&Q, B,P). Then a simple elliptic SPDE is given by

V- (KX w)Vuxw) = f(Xw), XeR,

(4.1.1) ux,w) = 0, x e R,

where the solutiomi(x, w) is a random field and where € Q. As for usual PDEs,
the SPDE is interpreted in a variational sense.

The articles discussed below extend the usual theory of elliptic partial differen-
tial equations (e.gEvans 1998 to this class of SPDEs by casting the problem in
weak form on a suitable Hilbert space and by applying the Lax-Milgram lemma.

Writing the differential operator in Eq4(1.1) as ak-dependent operatdi
on an appropriate Hilbert spa@é, the SPDE may be written far € H as the
equations

T« H — H*

(4.1.2) A

Publications investigating the well-posedness of this SPDE differ mainly by the
conditions imposed or and f. These determine what Hilbert spakeis to be
used. The articles discussed here constHieas a tensor product

(4.1.3) H=H}R ®(S),

WhereH&(R) is the usual Sobolev space (e.@den and DemkowiGz1996 de-
scribing the spatial part of the solution and whé¢g is a space of stochastic
(possibly generalised) functions taking the stochastic regularity into account (e.g.
Hida et al, 1993.

4.2 Stochastic Partial Differential Equations with
Generalised Random Fields
In applications, generalised random fields may be required for modelling the mate-

rial parameters (e.gChristakos1992), i.e. distributions. First, this case is briefly
discussed. Then the case of ordinary random fields is discussed in more detalil.
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4.2.1 Stochastic Partial Differential Equations
with Usual Product

If K is a generalised random field, themay also be a generalised random field.
Care must then be taken of how to define the pro@@xtw)Vu(x, w).

For a Gaussian probability spa@®, 3,P), Benth and Gjerd€1998 consider
the case wheréS) is a Hida-Kondratiev distribution spa¢g) = (S)~P %1 (see
section2.3). They assume that the weak form associated with the SPDE is co-
ercive and bounded dr(R) @ (S)~P~% and apply the Lax-Milgram lemma to
show existence and uniqueness of solutions. The case where the solution has finite
variance,(S) = L»(Q), is included in this work. Their findings are more general
than the other findings discussed below, and their theory includes both the usual
product and the Wick-product discussed below. However, the question of how the
product betweer andVu is defined is not addressed in this work.

This question was addressed Bgsold(2000: if k(x,w) is a stochastic dis-
tribution, then it is not clear how the pointwise multiplication in the expression
K(X,w) Vu(x,w) is defined. Even ifi(x,w) is a stochastic test function, the mul-
tiplication operator is in general not continuous and may not be extended to the
case where is a distribution.Besold(2000 shows that the pointwise multiplica-
tion may be made well-defined by requiring that C*°(R) ® (£)~, Where(&)
is a space of random variables with certain stochastic smoothness requirements
(see his thesis for details). Additionally, conditions guaranteeing coercivity and
boundedness are imposed. It is shown then by applying the Lax-Milgram lemma
that forH = H3(R) ® (S)P a unique solution of the Eq4(1.2 exists, wherdS)P
is the Kondratiev distribution space (see sectiod). The casgS) = L2(Q) is
included in this theory.

It is not obvious how th&€>°(R)-regularity on the spatial part of may be
waived in Besold’s theory. One would expect less regularity restrictions'son
spatial part from usual PDE-theory; e.g. one would expect that the spatial part is
allowed to be inL*°(R).

4.2.2 Wick Stochastic Partial Differential Equations

The problems in defining the product of distributions are overcomeldigen
et al.(1996 by interpreting products between generalised random fields as Wick
products, denoted here @s Wick SPDEs may be solved by transforming them to
deterministic PDEs by the Hermite transform or by the S-transformHsdgen
et al.(1996 for details).

SPDEs in the Wick sense have a different interpretation than SPDEs in the
usual product sense, becadsai®Vv) = E (u)E(v). As a consequence, for (e.g.
linear) Wick SPDESs, the mean of the solution is not influenced by higher statistical
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moments of the material parameters.

This behaviour does not agree with the results of homogenisation theory (e.g.
Cioranescu and Donat@999 Nemat-Nasser and Horl993 and seems not to
coincide with the usual interpretation of a stochastic system as a set of possible
worlds across which statistics are taken, just as in Monte Carlo simulations. Of
course, Monte Carlo simulations of stochastic distributions cannot be done in the
usual way, as they do not have realisations as required in a Monte Carlo setting.
But even if SPDEs containing ordinary random fields are interpreted in the Wick
sense, the results do not coincide with Monte Carlo simulations.

For a discussion comparing the Wick product and the usual product for a
stochastic flow problem with the Wick exponential of smoothed white noise as
hydraulic conductivity seelolden et al(1996 pp.128ff.).

Note that the numerical solution of the Wick version of E4.1(1) by the
SFEM techniques of sectidg2requires considerably less effort than the solution
of SPDEs with usual product as the equations resulting for the Wick SPDE are
block triagonal Theting 2000.

4.3 Stochastic Partial Differential Equations
with Ordinary Random Fields

4.3.1 Existence of solutions

Deb et al(2001); BabuSka et al20020 andBabuska and Chatzipantelidia002
investigate the special case, where all random fields are ordinary random fields.
They chooséS) := L?(Q) and directly extend the usual theory of PDEs to show
existence and uniqueness of solutions (using the Lax-Milgram lemma).

Apart from measurability conditions ok and f, they require thak is uni-
formly bounded from above and below, i.e. that therekatg, Kmax € R such that

The boundedness away from zero is essential. To see this, assume that for every
€ > 0 a regionRy C R with positive measure exists on th{ |k (x,w)| < €} >
0,x € Ryg. Then the solution of Eq4(1.1 has infinite variance. Note that many
publications solving elliptic SPDEs use Gaussian random fields and hence do not
satisfy this condition.

The variational form of Eq.4.1.2 onH is to findu € H, such tha3(u,v) =
(f,v) for all v e H, where the bilinear form

(4.3.2) B(u,v):/Q/RK(x,w)qu(x,w)-va(x,w) dx da, uveH
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is coercive and bounded due to E4.3.]). The existence and uniqueness of the
weak solution as well as its continuous dependence on the data follow from the
Lax-Milgram lemma (e.g.Oden and Demkowicz1996 and the second Strang
lemma Ciarlet 1978 Strang and Fix1988.

4.3.2 Perturbations of the Random Fields

For discretisations, an approximationois required.Deb et al.(2001), BabuSka
et al.(2002h, Babuska and Chatzipantelid®002 consider the series expansion
Eq. 3.2.9, which we discuss in sectidh2.2and sectiorb.1.2

433 l.0) = 0+ 3 (9,

wherew = (wy,...,Wn) is a vector of mutually independent random variables.
Hence, the expansion is more specific than the KL-expansion discussed in sec-
tion 5.1.2 As mentioned in sectioB.2.2 prescribing the marginal distribution of
Km Is difficult in this model. However, one could instead use the representations
Eq. 6.3.] and the findings would still be applicable with minor modifications.

If this approximation is used instead ®f or if an approximationf is used
instead off , a perturbed SPDE is solved, yielding a perturbed solutjgn *

To obtain a meaningful numerical solution, it is important that the esreriy,
introduced by this perturbation depends continuously on the errors in the approxi-
mations ofk andf.

Continuous dependence on perturbed fields If kK, is uniformly coercive and
bounded, then the error is

(4.3.5) Ju— Q|7 = O (|| f—fllzzm + Ik - Km||E°°<R>> )

and hence solutions of the perturbed SPDE converge to the the exact exact solution
for suitable approximations efandf (Babuska et al2002h Babuska and Chatzi-
pantelidis 2002. The continuous dependence bns due to the Lax-Milgram
lemma and the continuous dependencexas due to the second Strang-lemma
(Ciarlet 1978 Strang and Fix1988.

Continuous dependence on probability distributions Babuska and Chatzipan-
telidis (2002 argue that based on experimental data, more than one probability
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distribution is possible fok(x,w). Consequently, there is an uncertainty in the
probability distributions of the independent random varialobegind a perturba-
tion of the field

m
(4.3.6) Rm = () + 3 Ki(X)6)
n=1
needs to be considered, where it is assumed that fexge rangéd;) =: Q; and
that the probability densitigg, andpg, of W= (wy, . . ., Wm) and®w= (&, . . ., Om)
exist and are everywhere positive. lLgt be the solution off,,un = f andup, be
the solution ofTy_(m= f. LetQ(™ = Q; x --- x Q, then the error is

030 ot <[P i),

This shows that the solution is enhanced when the statistics are refined from
experimental data, and that convergence to the true experimental solution may be
achieved, at least theoretically; ddabuska et al(20023.

Unsolvable SPDEs due to Perturbation As for the original SPDE, the per-
turbed SPDE is solvable Ky, is uniformly coercive and bounded. An unsolvable
SPDE may result ik, violates this condition. This is demonstrated Bgbuska
and Chatzipantelidi€002, who define the function

(4.3.8) Oo(x;m) := _i“(i(x)’bia

whereb; is the diameter ofy’'s range which is assumed to be bounded, range
[—bi, bi]. If

(4.3.9) Oo(X; M) > ik (X)

on aregiorRy C Rwith positive volumgRg| > 0, thenky, takes values arbitrarily
close to zero with positive probability, and then E4.3(4 is unsolvable with
positive probability Babuska and ChatzipantelidZ002 Theorem 3.1).

For fields with correlation structure efpc||x—y|), BabuSka and Chatzipante-
lidis (2002 show thatog(x; m) grows without bounds fom — oo, even though
Km(X, w) converges uniformly te(x, w) in variance. This covariance is used quite
frequently in publications, but the number of terms considered is usually so small
that the perturbed problem is solvable.

However, in conjunction with a Galerkin projection in the stochastic dimen-
sions, this effect does not occuvétthies and Kees®003. The reason is that
the Galerkin method may be performed without explicitly representing the ran-
dom fields in a finite number of random variables—in a Galerkin method, this is
performed implicitly by choosing an ansatz in a finite number of random variables.
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4.4 Conclusions

The theories of SPDESs presented above differ in the kind of random fields allowed.
When material parameters are modelled by generalised random fields, then the
theory is complex as then the problem of how to define the products of generalised
random fields has to be overcome.

Holden et al(1996 consider random fields as stochastic distributions and in-
terpret products between random fields as Wick-products. They provide a theory
of SPDEs for this case. The main shortcoming of their theory is that—e.g. for
linear problems—higher statistical moments of system parameters do not influ-
ence the mean of the answer, a contradiction to the results of homogenisation
theory. Also, they require the existence of strong solutions, which results in con-
siderable restrictions on the boundary conditions and source terms. These may be
relaxed by a variational formulatiod@atthies and Buched 999 Theting 2000,
but nonetheless the Wick product seems not to be the right model for the problems
aimed at here.

If the products between (generalised) random fields are instead interpreted in
the usual sense, stronger stochastic regularity is required. This has been investi-
gated by Besold 2000 who provides a variational theory of SPDE as operators
on tensor product spaces of stochastic distributions with the usual Sobolev spaces.
While this work allows material parameters to be distributions in the stochastic
dimension, a shortcoming is that they are required to be smooth in the spatial di-
mension. The stochastic regularity of the solution determines the convergence rate
of numerical approximations, and a variational theory for this was earlier devised
by Benth and Gjerd¢€1998.

The theories byBabuska et al20020; Deb et al(2001); BabusSka and Chatzi-
pantelidis(2002; BabusSka and Liy(2003; Babuska et al(20023 are a direct
extension of usual elliptic theory and as such they require random fields to have
finite variance, but they allow the same spatial irregularity as in usual (determinis-
tic) elliptic theory.

As conclusions, the theories of SPDESs outlined in the previous sections are not
yet completely satisfactory—of the presented woBahuska et a2002h is the
closest to the usual theory of (deterministic) PDEs and has the usual restrictions
on the spatial regularity of the random fields, but it requires the random fields
to depend on only a finite number of independent random variables, and only
ordinary random fields with finite variance are allow&#nth and Gjerd¢1999
do not investigate conditions that have to hold for the parameters, but directly
assume coerciveness and boundedness. The theétyldgn et al(1996 allows
a high stochastic irregularity, but interprets products between random fields as
Wick products and thus seems not to be the right model for the problems aimed
at here. The theory bfesold (2000 allows to use (more regular) stochastic
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distributions and interprets products between random fields in the usual sense; but

here a high regularity in the spatial dimension is required for the random fields in
the operator.
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Part Il

Discretisation of Stochastic Partial
Differential Equations
(Stochastic Finite Elements)
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Chapter 5

Discretisation of Random fields

In a numerical setting, random fields need to be discretised both in the stochastic
and in the spatial dimension. The stochastic discretisation yields a representation
in a finite number of independent random variables and is usually performed by
first representing the random field in a countable number of random variables and
then keeping only a finite number of these. The stochastic discretisation often
involves a spatial discretisation, e.g. by standard techniques, like finite elements.
Most discretisation techniques may be regarded as special cases of some more
abstract techniques and are presented here as such.

A classic on random fields including simple discretisation techniqu¥ans
marcke(1988. Details on discretisation techniques may be foundnmgoriu
(1995, and with an emphasis on spectral models for Monte Carlo methods in
Ogorodnikov and Prigari(i.996, or in Prigarin(2001).

5.1 Series Representations

In the following, letk be a random field on a compact regiBrc RY and on a
probability spac€Q, 3,P); see sectio3.1for details.
The stochastic field may be expanded as a series

(5.1.1) Km(X, ) = i N; (X)Ki (@) = N(X)K(w)

of a finite number of random variableésand functions\; : R — R which are col-
lected in the vectorg(w) = (K1(w), ...,Km(w))" andN(x) = (N1(X),...,Nm(X)).
Often, the functiong; are finite element shape functions.
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The mean and covariance of the approximated field are

(5.1.2) Hen(¥) = NOOT iy
(5.1.3) COVk,, (X, Y) = N(X)TCx N(y),

wherep, = E (K(w)) is the mean vector and whe@g is the covariance matrix of
the random vectok (w).

5.1.1 Overview of Series Representations

Most methods presented below were already discussédidithies et al(1997);
they are presented here as special cases oL 1)

The interpolation method or shape function method (Liu et al,, 1986ab) in-
terpolates the random field in finite element shape functig(rs) in nodal posi-
tionsx;. Assume that a nodal basis is used,NgXx;) = &;;. Thenk; =k(x;), and
the mean and covariance of the approximation may be computed fromBEQ2-(
5.1.3 with

(5.1.4) (M)i = (%) and (Cg)i,j = COW(Xi,Xj).

The midpoint method (Der Kiureghian and Ke) is a special case of the shape
function method, wherdli(x) is piecewise constant and wheges the midpoint

of the elements. The midpoint method is sometimes claimed to overestimate the
field’s variability. However, this claim seems not to be justified as the approximate
covariance is simply an interpolation of the exact covariance as &£4s2{(.1.3

and Eqg. 5.1.9 show.

The spatial average method (Vanmarcke and Grigoriul983 also uses piece-
wise constant functionsl;(x), but choose; as the spatial average &fx,w)
over thei-th domain in the finite element discretisatiag(w) = ‘R'% Jr K(X, w)dx,
whereR; = suppl; with volume|R;|. The mean and covariance of the approxima-
tion may be computed from Edg.(L.2 with

(5.1.5)

1 1
(W),_W/Rip,((x)dx and (CK).,_WAAJCOVK(x,y)dxdy

The mean and covariance of the approximation are weighted averages of the exact
statistics and hence this method underestimates the variabilty af and Ki-
ureghian(1993 find the spatial averaging method to be superior to the midpoint
method for several types of covariance functions.
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If K is a Gaussian field, theq is Gaussian also. A disadvantage of the spatial
average method is that the probability distributiorkpis difficult to obtain for
non-Gaussiar due to the spatial weighting.

The orthogonal series expansion chooses functionl(x) in Eq. (6.1.1), which
are mutually orthogonal it?(R). Then

_ KNz 1
INillzr)  lINilli2(Ry

(5.1.6) Ki() /R K (% )N (X) dx,

and the mean and the covariance may be computed fronbEg2(with

(5.1.7) |1K=/RpK(x)N(x)dx and CK:/R/RN(X) cov(x,y)N(y)T dxdy

As the approximated statistics are weighted averages of the exact quantities it is
difficult to obtain the probability distribution af; for a non-Gaussiar.

Orthogonal functions are known only for special geometries. For general ge-
ometries, they may be obtained numerically, but then the Karhunen—Loéve expan-
sion is superior.

The Karhunen—-Loeve expansion (KL-expansion) will be discussed in sec-
tion 5.1.2 It is is a special case of the orthogonal series expansion, where the
N; are chosen as eigenfunctions of a Fredholm equation with the covariance as
kernel.

Spectral Representations expandk as a sum of trigonometric functions with
random phase angles and random amplitudes. For overviews see e.g. the text
booksOgorodnikov and Prigarif1996; Prigarin (2007), or the brief overview

in Shinozuka and Deodat{d997. Spectral representations are primarily used

to generate samples according to given spectral power densities in Monte Carlo
simulations. Note that the KL-expansion of a field defined on the whole dface

is a spectral representation.

5.1.2 The Karhunen-Loéve Expansion

The Karhunen—Loeéeve expansion (KL-expansion) is presented in its own section
as its use is very common. It was invented independently by Karhunen (1947),
Loéve (1948), and Kac and Siegert (1947) and is discussed in many text books,
e.g. inVan Trees(1969; Adler (1981); Vanmarcke(1988; Christakos(1992);
Papoulig(1991); Ghanem and Spand$991H.
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The KL-eigenvalue problem: Letk:Rx Q — R be arandom field with con-
tinuous and bounded covariance functiongavy). Define the Fredholm opera-
tor T with the covariance as kernel

T:L2R) — L3R
(TwX) = JrCOW (X y)u(y)dy.
As coy is bounded and symmetrit, is compact and selfadjoint. As covariance

functions are positive semi-definite, soTis Hence, solutions of the eigenvalue
problem

(5.1.8)

(5.1.9) Tk =Ak, keL?R),ieN,

(a Fredholm integral equation of the second kind), have the following properties,
e.g.Werner(1997, pp. 229ff.) orAdler (1981):

e The eigenvalued; are real and can be ordered|@lS|| =A1 > Ay > --- >

0. They have the propert&CHEz(RxR) = [rJrIC(x,Y)[2dxdy= ;A2

ITlEs:
e The eigenfunctionk;(x) are continuous and mutually’(R)-orthogonall.

e As co\ is continuous, it follows from Mercer's Theorem (e.§Verner
1997 Theorem V1.4.2.) that cqy,(x,y) := Y"1 Aiki(X)Ki(y) converges to
the exact covariance function gax,y) absolutely and uniformly oR x R,
hence|| covk — COViy, [|L2(rxr) — 0 @sm — oo.

The Karhunen—Loéve expansion is the series
(5.1.10)
(%, @) = E(K() +_2m Gk,  where
(5.1.11) )
£1(00) = —— (K—E(K) k)| = i/(x(x ) — E (K(x)))ki(x) dx
| - \/)TI ) LZ(R) - \/)TI R )

The random variables are mutually uncorrelated and centred with unit variance,
and the truncated Karhunen—Loéve series

(5.112) 0.9 = E(0) + 5 VAE (@K
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converges ta& in variance uniformly irx (by Mercer’s theorem),

(5.1.13) SUpE ((K(X) —Km(X))?) = sup § Aiki(x)2 — 0,  asm— oo.
XeR XeRj=m1

The KL-expansion is an optimal representationkof For any other linear
combination ofm functions, the errofik — Km|| 2o« is not smaller than for the
KL-expansion Ghanem and Spandk991h). However, nonlinear approximations
may Yyield better approximation€6hen and D’Ales1997).

If K is Gaussian, then the are Gaussian random variables and hence mutually
independent. For non-Gaussian fields, the distributions okila@e not known
analytically and may be computed numerically from Eg1(1). If K is non-
Gaussian, then the; are only uncorrelated but not independent, which makes
working with them more difficult and will be discussed in sectf

Discrete Karhunen—Loéve Expansion: Exact solutions for the Fredholm inte-
gral equation of the second kind E§.1.9 are only known for special geometries
and for special covariance functions. For problems in one dimension and for some
types of covariance functions, exact solutions were given e.gJayTree41968
and byGhanem and Span¢$991Hh.

In general, numerical approximations are required, e.g. by the methods pre-
sented inAtkinson (1997); Hackbusch(1995; Press et al(1997). Usually, only
the most prominent eigenvectors are required and Lanzcos type methods may be
used for this. Efficient implementations of such methods are readily available (e.qg.
Lehoucq et al.1998 Maschhoff and Sorensgh996).

A convergence study of the truncated Karhunen—Loéve expansion for stochas-
tic processesR C RY) was performed byduang et al(2001) by varying the size
of R, the correlation length, the type of covariance function, and the number of
KL-terms. The findings were:

e The smoother the covariance function, the less KL-terms are needed. This
is plausible as the KL-expansion is a kind of generalised Fourier transform.

e The larger the ratio of correlation length to the size of the domain, the
fewer KL-terms are needed. This may be visualised by noting that the faster
cov (X,y) decays for increasingx—y||, the smaller is the correlation length.

A small value ofC(x,y) means that the field atis almost uncorrelated from

its value aty. It is plausible that a good representation of the field requires
a number of uncorrelated random variables large enough to cover the whole
regionR by patches whose size grow with the correlation length (e.g. with
balls whose radius is half the correlation length).
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e Itis claimed that the analytical solution of E&.{.9 gives significantly bet-
ter approximations ok than when approximate solutions to the eigenvalue
problem are used.

Based upon this statemehiyang et al(2001) conclude that the non-availability
of analytic solutions limits the applicability of the Karhunen—-Loeve ex-
pansion as the approximate solutions require more terms in the KL-series
than the analytical solution and hence more stochastic dimensions (see sec-
tion 5.2). A similar view is expressed bli and Kiureghian(1993 who

state that the KL-method reduces to the shape function method with a KL-
expansion of the discrete covariance if the eigenvalue problem is solved
approximately.

Both claims hold true only if the numerical solution of the eigenvalue prob-
lem is performed on the same (or coarser) ansatz space as used for the rep-
resentation of the field. But this is not necessarily so—the numerical so-
lution converges to the analytical solution for finer and finer ansatz spaces
(e.g. Atkinson, 1997 Hackbusch1995. The eigenvectors obtained on a
sufficiently fine mesh may be interpolated to a coarser mesh for the repre-
sentation of the stochastic field. If one proceeds like this, no drawbacks in
using approximate solutions to the KL-problem are to be expected.

The variance of the truncated KL-expansion is smaller than the variance of
K. This can be remedied by multiplying the expansion by normalising constant
(Ghanem 19989, but this leads to a larger variance of the error in the approxima-
tion.

It is sometimes suggested to omit the approximate solution of the KL eigen-
value problem and restrict solutions of a problem on a larger region, for which
exact solutions are known—e.g. a square—to the region of interest. However,
this leads to a non-optimal representation as the scalar products and hence the
eigenfunctions and eigenvalues are differentlféfunctions on different spatial
domains. Hence, more terms in the expansion would be required and the resulting
larger stochastic dimension might then increase the further costs of computations
considerably.

In the experience of the author, the costs in numerically computing the KL-
expansion are not the limiting factor in obtaining stochastic finite element solu-
tions. In the opinion of the author, the advantages of using the KL-expansion (op-
timal expansion and hence minimisation of the number of stochastic dimensions)
outweigh their disadvantages (need to solve an eigenvalue problEtRy).



5.2. REPRESENTATION IN INDEPENDENT RANDOM VARIABLES 54

5.2 Representationin Independent Random Variables

All techniques discussed in the two previous sections represgr) in a finite
number of possibly correlated random varialdes (K1, ..., Km) with mean vector
K, and covariance matri€,, where thex; are Gaussian if and only if the random
field is Gaussian.

For the further numerical treatment, a representation in a finite number of
independentandom variables is required. These may be seen as coordinate axes,
and the representation of random propertiemimutually independent random
variables may be identified with a representation in a probability space, where
the space of elementary events is a subsék®fequipped with the probability
measure induced by therandom variables; see sectibr8.

5.2.1 The Gaussian Case:

A representation in independent random variables may be obtained for a Gaus-
sian field by linear transformations &f because Gaussian random variables are
independent if and only if they are uncorrelated, i.eCiffis a diagonal matrix.

If the Karhunen—Loéve decomposition has been used for the discretisation,
then thek; are already uncorrelated. Otherwise, the random variables need to be
transformed so that the covariance matrix becomes diagonal. In principle, any
diagonalisation technique from linear algebra may be used for this.

A Cholesky decomposition may be used to obtain a basis of independent ran-
dom variables: A symmetric positive definl@ has a Cholesky decomposition
C« = AA*, wherew := A~k is a vector of uncorrelated random variables. Hence,
if K is Gaussian, thexw = Aw, wherew= (0, ... ,mm)T is a vector of independent
standard Gaussian random variallgs= N'(0,1),i=1,...,m.

OftenCy has a special structure. For example i§ stationary and is sampled
on a regular lattice, the@ is block-Toeplitz. For such special cases, efficient
algorithms for the Cholesky decomposition applicable to large numbers of random
variables were presented Bgorodnikov and PrigarifiL996.

5.2.2 The Non-Gaussian Case

Generally speaking, Kk contains non-Gaussian random variables, then it is diffi-
cult to obtain a representation in independent random variables, as then uncorre-
latedness and independence are not equivalent.

Obtaining a representation in independent random variables for a non-Gaussian
field k(x, w) usually involves nonlinear transformations of random variables; a di-
agonalisation ofCk is not sufficient. To obtain a representation in independent
RVs, one may transform to Gaussian RVs and orthogonalise these. A standard
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technique for this (e.gMelchers 1999 is the Rosenblatt transformatioRgsen-

blatt, 1952, which represents the joint distribution as a product of conditional
probability distributions and then transforms each of these to a Gaussian distribu-
tion.

In the following, only procedures representing Gaussian fields in independent
Gaussian random variables will be considered. If non-Gaussian random fields are
expressed as nonlinear transformations of Gaussian ones (see 8eziprhese
methods may be sufficient.

As we already saw in sectidh2.3 non-Gaussian random fields may also be
expanded in polynomial chaos. A polynomial chaos expansion is not used to
obtain a representation in independent random variables but is used after a set
of independent variables has been obtained; we will discuss it in more detail in
section6.2.1

5.2.3 Dimension Reduction and Optimal Representations

As mentioned above, once the problem is describeghindependent random
variables, it may be represented in a probability space where the space of elemen-
tary events is a subset &™", and where the probability measure is the measure
induced by the independent random variables; see seSt®nEvery random
variable contributes one dimension and it is desirable to keep their number small.

The discretisation techniques discussed in sed&iaril may result in a repre-
sentation in many random variables, e.g. the interpolation method results in one
random variable for each node in the finite element mesh. The KL-expansion
offers a natural way to reduce the number of random variables.

Principal Component Analysis, Discrete KL-expansion If another discretisa-

tion technique than the KL-expansion has been used, then the discrete equivalent
to the KL decomposition may be used to reduce the dimensions: The random vec-
tor K(w) may be expanded in the eigenvectors of the covariance nGrixBy
keeping only the components belonging to the largest eigenvalues, a representa-
tion in a smaller number of uncorrelated random variables is obtained.

Optimisation of Representation Oncek(x,w) has been approximated in a fi-
nite number of random variables, techniques for enhancing the approximation may
be applied, e.g. the optimal linear estimation method (OlLER(d Kiureghian
1993, which projects the random field on a set of random variables; this method
is also called Kriging Matheron 1963 Sobczyk and Kirner2001)

These methods represents a random field in a set of random vakdidesn
Eqg. 6.1.0 askm(X,w) = "1 Ni(X)Ki (w), but do not choose the spatial functions
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N;(x) a priori. Instead, they are chosen so thais an optimal unbiased estimator
of K, resulting in

(5.2.1) K(%,w) = E (K(X) + CyxCic (K — W),

wherep is the mean of the random field at the finite element noBgg; is the
cross-covariance between the random field and the random variabl€ axitie
covariance matrix of the random vectorLi and Kiureghian(1993 find that the
Gaussian random fields with covariance functions Bgt.9 are approximated
with negligible error if the element size is half the correlation length (or smaller).
They note the error of the KL-approximation is large at the borders of the region,
while it is distributed more uniformly over the region if the OLE method is used.
This technique was developed as a discretisation method, but it may be com-
bined with any of the other methods discussed above. Each of them yields a vector
of random variables. Once this vector is available, the OLE may be used to obtain
an optimal representation. For example, the EOLE (Expansion OLE) mdthod (
and Kiureghian1993 combines the OLE method and the KL-expansion.

5.3 Finite Dimensional Elementary Event Space

Once a random field has been represented in a finite number of independent ran-
dom variablesw,...,wm, it may be seen as a function on a high dimensional
space as was discussedbgb et al(2001); Babuska and Chatzipantelidiz002);
Babuska et al(2002h. The independence of the underlying random variables al-
lows to see each of them as the axis of a coordinate system. This is asserted by
the Doob-Dynkin lemma (e.g@ksendal 1998 which states that the space of
all o(wy, ..., wm)-measurable random variables may be identified with the set of
measurable functiorgwy, . . . , Wn).

Consider the case of E®B.@.1), where the random fielk(x, w) = @(X, y(X, w))
is a nonlinear transformation of a Gaussian random frel&pproximatey (e.g.
by any technique described above)yagx, ®) = S, vAiki(X)wy with mutually
independent standard Gaussian random variables(w;, . ..,wny). Thenk may
be approximated as

(5.3.1) Km(X, @) = (p(x, i VAik (x)ux), xeR

One may thus identify, with a random field on the probability space

(5.3.2) QM BM Ry, with QM =RM
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whereB(™ is them-dimensional Boret-algebra, and where
(5.3.3) dRn(w) = (2 Mexp(—|w|?/2)dw, weR™

is the m-dimensional Gaussian probability measudes(denotes the Lebesgue
measure).

The construction can be generalised in a straightforward manner to the case
where the independent random variablgsare non-Gaussian. Such representa-
tions were used bpeb et al.(200]); Babuska and Chatzipantelidi2002 and
by Babuska et al(2002h. For general real-valued independent random variables
Wi, ..., wm, the probability space may be identified wit@(™, B(™ Py), where
QM = Q) x --- x Qm, whereQ; = rangéwy ), whereB(™ is the Borelo-algebra
on QM and whereP,, is the probability distribution oto = (wy,...,wm), see
section2.1

5.4 Conclusions

The discretisation of a random field yields a representation as a function of a finite
number of mutually independent random variables. This may be identified with

a representation on a probability space, where the set of elementary events is a
domain in a finite dimensional space, and where the probability measure is the a
measure induced by the independent random variables (their distribution).

An approximation in a finite number of independent random variables may be
obtained for Gaussian random fields directly by the techniques discussed above.
Representations of non-Gaussian random fields in independent random variables
are often based on representations in Gaussian random variables.

In the solution of PDEs with stochastic coefficients, the mesh for the discreti-
sation of the stochastic fields may be chosen independently of the mesh for the
spatial discretisation. As a rule of thumiuireghian and Kg1988 propose to
choose the mesh size for the random field discretisation approximately as a quarter
to a half of the correlation length. Sometimes it is suggested to choose the stochas-
tic mesh size based on the scale of fluctuation (elgldar and Mahadevag00Q
p. 186).

The author believes that when a KL-expansion is used, these rules of thumb
need to be regarded only implicitly: the mesh for the numerical solution of the
discrete KL-problem should be chosen as fine as computational resources permit
to obtain the best possible approximation of the KL-eigenvalue problem and thus
to obtain a small number of independent random variables ., wn,. Afterwards,
the eigenvectors kept for the KL-expansion may be interpolated to a coarser mesh
used for the representation of the random field. The resolution of this coarser
mesh may then be chosen based on the smoothness of the KL-eigenvectors kept
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in the representation. However, numerical experiments supporting this view have
yet to be performed.
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Chapter 6

Discretisation of
Stochastich Partial Differential
Equations

The discretisation of a stochastic partial differential equation (SPDE) is usually
performed by the following steps:

1. Discretise the differential operators in space by usual techniques; e.g. by
finite elements, se8trang and FiX1988, Zienkiewicz and Taylo(2000.
This yields a semi-discretisation in the spatial dimensions.

2. Represent the semi-discretised SPDE in a finite number of independent ba-
sic random variables, e.g. by the techniques of chdpter

3. Perform the stochastic discretisation. We concentrate here on techniques
that expand the stochastic part of the solution in functions of these basic
random variables. Alternatively, statistics may be obtained by numerical
integration, for example by Monte Carlo simulations. Techniques for this
are discussed in sectighl

4. Solve the resulting equations, post-process the obtained solution.

6.1 Semi-Discretisation

The first steps in the above outline yield a semi-discretisation of the SPDE. We dis-
cuss this exemplary for the elliptic SPDE E4.X1.1). By discretising the random
fields as shown in chapt&r an approximation in a finite number wfindependent
random variablesy = (wy, ..., W) is obtained. The SPDE is thus approximated
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in a probability spacéQ™ B, Py), whereQ(™ is the finite-dimensional tensor
product of the ranges of thg and where?, is the probability distribution of;
see sectiod.3. In toto, this yields an approximation of the SPDE in tle+ m)-
dimensional spac@x QM (Babuska et a]2002h Deb et al, 2001, Babuska and
Chatzipantelidis2002.

The SPDE Eq.4.1.]) is then approximated by

— V- (KX @) Vxux,w) = f(x), xcR we QM

(6.1.1) uxw = O, xe R we QM.

which is to be understood in the variational sense discussed in claphiote
that herex and f denote the discretised random fields. In the following, it will be
clear from the context and from the letteror the bold lettew, whether the non
discretised random fields or their discretisations are meant.

The spatial discretisation may be performed by almost any technique, e.g. by
finite differences or by finite elements. It is shown here exemplary for a finite ele-
ment discretisation (e.g5trang and Fix1988 Zienkiewicz and Taylqr2000. De-
note byN(x) = (Ny(X),...,Nn(X))T a vector of ansatz functions with € H}(R).

An ansatz for the solution iN(X) yields a semi-discretisation of Ed.(.1). Sim-
ilarly to the method of lines for instationary boundary value problems, where the
coefficients would be time dependent, an expansion

n

(6.1.2) uSeM(x, w) = Zx Ui ()N (x) = N(X) Tu(w),

results, where the random variabl€®) = (u;(w),...,un(w)) are the to be com-
puted degrees of freedom, and whede= (wy,...,0Wn) € QM. The further
stochastic discretisation involves a discretisation of the random variabéesl
will be the topic of the next sections.

Application of Galerkin conditions in the spatial dimension yields the weak
form (we ignore here the Dirichlet boundary conditions)

(613)/ (@) VN(X)VN(X)T dxu(e /fxw we QM

which is a set of linear equations with stochastic coefficients and may be written
after eliminating the Dirichlet conditions as

(6.1.4) Kwuw) =f(w), weQ™.

Here,K(w) € R™" is the usual stiffness matrix of the finite element ansatz ob-
tained for a material parameterised @y Q™. The semi-discretisation of any
linear stationary SPDE (including cases with stochastic boundary conditions) can
be written in this form.



6.2. SERIES EXPANSIONS FOR SPDES 61

Similarly, nonlinear stationary SPDEs may be semi-discretised as a set of
nonlinear equations parameterisedyKeese and Matthie2003db, 2002 as

(6.1.5) r(u(w),w) =0, we QM

with a nonlinear functiom : R x QM — R" x QM parameterised by a stochas-
tic parameterw.

As in the method of lines for deterministic PDEs, the semi-discretisation of
instationary SPDEs may be performed using time dependent random coefficients

(6.1.6) u(t,x, ) = iNi (X)ui(t, ) = N(X)'u(t, w),

and after performing the discretisation, a (possibly nonlinear) system of ODEs
parameterised bgo is obtained,

(6.1.7) r(ut,w),ut,w),t,w) =0, wecQM.

Existence and uniqueness of solutions as well as a

For instationary SPDESs, the discretisation in time may be performed by usual
methods, e.g. by Runge-Kutta schemes. Galerkin discretisation by tensor products
in temporal and stochastic ansatz functions for ordinary differential equations with
stochastic coefficients were investigated recerlghuska and Lip2003.

6.2 Series Expansions for SPDEs

Various frequently used techniques for the discretisation of SPDEs may be seen
as series expansion techniques and are discussed here as such. These methods in-
clude certain response surface methods, the Neumann expansion method, perturba-
tion methods, Galerkin methods, and non-intrusive methods based on orthogonal
projections.

These techniques expand the solution in the stochastic dimensions in a set
{Hg}pez of linearly independent ansatz functions indexed by a finitéZsethe
ansatz functionslg are elements df?(Q(™) (or, more generally, of the spa¢§)
used in the definition of the SPDE in sectiér?).

Assume that the spatial part was discretised as in &€@.4 and expand the
vector of random coefficients(w) as

(6.2.1) u(w) = 3 uPHg(w).
Bez

Each vectou®) = (u(lﬁ), e u,(qB) )T belongs to one stochastic ansatz function and

contains one coefficient for each spatial degree of freedom. The vector of all
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unknowns is the block vector= (...,u®)_...)T. Together with Eq.§.1.2, this is
an expansion in tensor products of FEM ansatz functions and stochastic functions

(6.2.2) uxw) = ¥ Nx)TuPHg(w) = i S uPNi(x)Hg(0).
Bez i=1BcT

Once all coefficientai® are computed, realisations of the solution may be
generated cheaply (it is a a response surface; see sécsidh

The techniques discussed in the following differ in how they compute the co-
efficients. But before presenting these, let us briefly discuss functions used for the
ansatz functiongHg}.

6.2.1 Ansatz Spaces

In principle, any set of linearly independent functioftdg }gc7 may be used in

Eq. 6.2.1). But the stochastic discretisation is challenging due to the high number
of dimensions. The numerical effort of many techniques increases exponentially
with the number of dimensions, which makes them practically intractable for large
dimensions. This exponential growth has been termed the “curse of dimensions”
(e.g. Novak and Ritter1997 Novak 1999, and discretisation techniques should

be chosen so that this curse is avoided. Otherwise, they are only suited for the
solution of problems in a small number of independent basic random variables

w1, .. ., W

Tensor Product Discretisations: The discretisations discussed here are tensor
product discretisations. Recall th@t denotes the range of the random variable
w; and choose in each stochastic dimengpii = 1,...,m) linearly independent
ansatz functionh(l'),...,hgi) Qi — R.

Denote by = (B1,...,Pm) a multi-index (see sectich2.3. The ansatz func-
tion indexed by is then defined as the tensor product

1
(6.2.3) Hg(w) = h (wp) -+~ hy™ (com).
If Z is the set of all appropriate multi-indices, then the approximation is
(6.2.4) u(x,0) = Y Ha(@N(x)'uP.
Bel

Note again that the stochastic ansatz needs to be chosen such thakezah
finite variance—or, more generally, is an element of a stochastic function space
(S) discussed in sectiof 1that is appropriate for the SPDE at hand.
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If the ansatz space contains all possible tensor products (this will be called
full tensor product ansajzthen its vector space dimensigH = " pi increases
exponentially in the numben of stochastic dimensions (if gt > 1). Full tensor
product spaces are hence not suited for large stochastic dimensions.

Instead, it is common (e.gGhanem and Spano$991H to use forp € N
ansatz spaces of the form

(6.2.5) I={BeNg |IBl <p}

Such sets are used e.g. in the polynomial chaos construction (see 2e2t8yror
in the Smolyak construction used in obtaining sparse grids (see sé&ctidh
The vector space dimension of the ansatz space@25is

(6.2.6) (1Bl < p}| = ("‘; p)'

Due to the non exponential but only polynomial growth in the number of dimen-
sions, this approach may be suited for high-dimensional problems.

(Generalised) Polynomial Chaos: This is a discretisation in multivariate poly-

nomials. The ansatz functions are tensor products of univariate funhﬂ%,ris:
1.2,...,pi, chosen as polynomials of degreeA convenient basis of the ansatz
space is obtained if tH&!) are chosen mutually orthogonallin(Q;; P, ). Usually,
the ansatz space is chosen as in BX2.§.

If the random variableso are Gaussian, then the resulting ansatz space of
multivariate polynomials is called the polynomial chadddéner, 1938; see sec-
tion 2.2.3 If the ware non-Gaussian, then the space of multivariate polynomials is
sometimes called thgeneralised polynomial cha@Xiu and Karniadakis20029.

For example, if theoy, . . ., wy are mutually independent uniformly distributed,

then an orthogonal basis is obtained by choohfﬁgwi) = lx(wy), wherely is the
Legendre polynomial of degrde The more common case in the literature is
that thewy, . . .,y are independent centred Gaussian random variables with unit

variance. Then an orthogonal basis is obtained by chodﬂﬁ@q) = hg(wy),
wherehy is the Hermite polynomial of degrée

For more generaly, ..., wm, the orthogonal polynomials may be obtained by
numerical orthogonalisation. They may even be chosen such that they are at the
same time orthogonal with respect to two scalar prodigabska et al20020,
which simplifies the solution of certain problems; see sedidnd

There is a large number of publications using the polynomial chaos or the
generalised polynomial chaos; see secghand sectior6.4.1Q



6.3. DISCRETISATIONS IN SERIES EXPANSIONS 64

Piecewise Polynomials: As for the finite element method, the ansatz functions
may be chosen as tensor products of one-dimensional piecewise polyndeials (
et al, 2001 Babuska et a]2002. Their supports form a regular mesh of™

and approximations may be enhanced by either refining the meskihod) or by
refining the polynomial degree of elemengsriethod). Approximation properties
of such ansatz spaces are investigateBdlyuska et al2002h); see sectios.4.9
where this approach is discussed in detail.

For regular meshes, the number of ansatz functions grows exponentially with
dimensions. Hence, this approach is not suited for large dimensid2$"af This
approach has been tested bDgb et al.(2001) for m= 3. Elman et al.(2002
used an ansatz of piecewise constant functions in higher dimensicad Q) for
a deterministic operators with stochastic right hand side.

One way to realise piecewise polynomials in high dimensions might be sparse
ansatz-spaces constructed by the same principle as the Smolyak quadrature for-
mulas discussed above. Applications of sparse ansatz-spaces to (non-stochastic)
PDEs can be found e.g. Bchwab and Todqgi2002; Griebel et al(1999.

6.3 Discretisations in Series Expansions

Once a series ansatz as in sectto® has been chosen for the solution, a set of
equations for the unknowns needs to be obtained. Several techniques for this
were proposed in the literature. Usually, not all of them are explicitly interpreted
as variants of series expansions, but they are seen here in this unified manner.

6.3.1 Response Surface Techniques

Response surface techniques are often used to speed up Monte Carlo methods;
see sectiorY.1 for a discussion of Monte Carlo techniques. Monte Carlo meth-
ods compute statistics of the response by solving many statistically independent
realisations of SPDEs and by computing statistics of the sample solutions. Con-
vergence proofs and convergence estimates of Monte Carlo methods for elliptic
SPDEs are given bBabuska et al20028.

The efficiency of Monte Carlo methods is sometimes enhancegdponse
surface methodsA random variablel(w), w € Q(™ is approximated by sampling
from it in a Monte Carlo fashion. It is then represented as a series expansion
Eq. 6.2.1), where the coefficienta(®) are obtained from the samples e.g. by a
least square fit.

There also response surface used that are not series expansions of the type
presented above. For example, response surfaces of the yau(y) = 0}, which
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specify polyhedrals or deformed balls, may be used to approximated failure sur-
faces in reliability investigationdBucher et al.2000.

Another way of representing a response surfaces might be interpolations with
sparse grids (e.gBarthelmann et 811999, but the author of the present report is
not aware of work in this direction.

6.3.2 Perturbation Methods

Apart from the Monte Carlo method, perturbation approaches are probably the
most popular techniques for solving SPDESs; seeldgjber and Hien(1992 for

an introduction. Once the SPDE is approximated in a finite number of random
variables, the stochastic influence is regarded as a perturbation around the system
mean and moments of the response are obtained by a Taylor expansion of the solu-
tion in the basic independent random variables. Due to the Taylor expansion, this
ansatz uses implicitly an expansion in multivariate polynomials, i.e. in polynomial
chaos.

The resulting expressions are difficult to handle/obtain for higher moments.
Therefore, usually expansions of degree two or smaller are used, and only the first
and second order statistics are computed.

It is sometimes stated in the literature that the perturbation method does not
take into account the distribution of the random variables, but of course it does
so when moments are computed. The method may be expanded to compute mo-
ments higher than the second, but then complicated expressions result that are
hard to handle in the general case. Another disadvantage is that the Taylor expan-
sion permits only small deviations from the mean. Perturbation methods are only
applicable to small coefficients of variance. Accordingstedret and Kiureghian
(2000, the C.0O.V. should not exceed 20%.

A disadvantage is that the perturbation methods requires derivatives of the
system matrix and of the right hand side with respect to the random variables. It
is hence difficult to apply to existing software, or it requires to use software for
automated differentiation.

This technique is applied e.g. aldar and Mahadeva{2000, who use per-
turbation approaches for reliability assessments and put special emphasis on the
modelling of connections in steel structures and present a stochastic FEM method
for stationary and instationary linear and nonlinear reliability analySsses and
Langtanger{1998 apply a first order perturbation method, using the weighted in-
tegral method, to stationary stochastic groundwater flow (driven by D’Arcy’s law)
in two and three spatial dimensions. They state as an advantage of the weighted in-
tegral method that the 2nd order statistic of the response may be computed directly
without discretising the random inputs. But in their approach the resulting number
of random variables is equal to the number of finite elements, and a deterministic
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problem has to be solved for each random variable. A discretisation of the ran-

dom field e.g. by the Karhunen—-Loéve method might probably have reduced the

number of random variables and probably might have saved Wdalkibke(1996

p. 28f.) analyses a linear oscillator and demonstrates that the perturbation method
is not well-suited for some dynamical problems.

6.3.3 Neumann Series

Solutions of SPDEs may be obtained alleumann seriesThe solution is ob-
tained here as an expansion in multivariate polynomials, i.e. in polynomial chaos,
and the coefficients in polynomial chaos are computed as the terms of a Neumann
series.

Such methods are used e.g.(®lganem and Span¢s991h and byPapadrakakis
and Papadopould$996. A rigorous analysis is given lyabuska and Chatzipan-
telidis (2002 for the elliptic SPDE Eq.4.1.]). There, the property Eq4(3.9 is
exploited to prove the convergence of the Neumann series.

Denote the operator Eg4.(L.2 with the mean ok (x,w) as material by

(6.3.1) Au:=Tuu=—V- (L (X)Vu(x,w))

and denote the operator with the fluctuating par w) — Y as material by

m

_%Ki (X)&i (W) Vu(x, w)> )

(6.3.2) BU= Ty, £qoU= —v-(

Due to Eq. 4.3.9 (see Eq.4.3.8 for the definition ofop),

e To(x M)
(6.3.3) c:= iglgE(K(X)) <1,

which may be used to show that the Neumann series
K
(6.3.4) Uc=S (-1, where Vi := (A"B)kA~1f,
K=0

converges to the solutiony, of Eq. 6.1.1) with an error in the energy norm
(Babuska and ChatzipantelidZ002 Theorem 5.2)

d .
(6.3.5) Uk — Umlle < %c’“l, with a constant.

It is obvious from Eq. §.3.4 thatUxk is a multivariate polynomial of degrde.
Babuska and Chatzipantelidi2g002 show further, that eact,k =0,...,K in
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the Neumann series is a multivariate polynomial of dedré@ethe independent
random variableg, ..., €mand can be obtained by solvingf deterministic PDEs
(e.g. by finite element techniques), each using the same op#ratdy, , but with
different right hand sides. Hence, the constructiodpfequires -m+---mK =
(mK*+1 —1)/(m—1) solutions of the same deterministic PDE with different right
hand sides.

To speed up the convergen8abuska and Chatzipantelid®002 present an
improved Neumann scheme using a technique that is similar tstthtfication
technique used in Monte Carlo methods (see seétibrd): The finite dimensional
probability spac®(™ is partitioned into smaller spaces, so that the restriction of
the SPDE to each partition has a smaller constanteq. (6.3.3. These SPDEs
may then be solved in parallel on each partition.

As the effort grows only polynomially with dimensions this technique may
be suited for the solution of high-dimensional problems (in many independent
random variables).

6.3.4 Non-Intrusive SFEM

As mentioned, thgHg} are often chosen as orthogonal lif(Q,Py). In this
case, the orthogonality of the ansatz-functions may be employed to compute the
coefficients directly by orthogonal projections:

(6.3.6) u'@ = E (u(e)Ha) [|Ha | 2

Ghiocel and Ghanert2002 use this projection to solve an instationary SPDE

modeling seismic soil-structure interaction “non-intrusivelggese and Matthies

(20039 obtain solutions to a nonlinear stationary SPDE by orthogonal projection.
The expectatiork (uHy) may be computed by the high-dimensional integra-

tion techniques discussed in sectidrl. Ghiocel and Ghaner(R002 evaluate

Eq. (6.3.9 by Monte Carlo with stratified samplinégkeese and Matthie®0039

use Smolyak quadrature.

6.4 Galerkin Methods with
(Generalised) Polynomial chaos

Another discretisation technique for series expansions are Galerkin methods. As
the present review focus on these, they are presented in their own section.
Stochastic Galerkin methods with polynomial chaos ansatz spaces were pro-
posed byGhanem and Span@$99Q 19913. Their findings are summarised in
their book Ghanem and Spano$991h. A summary of newer developments is
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given byGhanen(19993, where a general purpose version of the stochastic finite
element method for linear problems is proposed.

Ghanem and Spanos called their approacispieetral stochastic finite element
method as they used the stochastic Galerkin scheme in conjunction with a Karhu-
nen—Loeve expansion of the stochastic quantities apeh@ethod. But in the
general presentation below, such methods will be calatkrkin SFEM

Generalised polynomial chaos was also used in Galerkin SFEM techniques;
see sectior5.4.1Q0 As polynomial chaos and generalised polynomial chaos are
the same objects (just with respect to different measures), they are treated together
in this section. Most statements for polynomial chaos made here are applicable
to generalised polynomial chaos. As the resulting ansatz is a polynomial ansatz,
the term “multivariate polynomials” would probably be preferable to avoid confu-
sions.

Many publications on polynomial chaos Galerkin methods solve problems that
may have no solution. For example, this is often the case, if SPDEs with Gaussian
distributed material law are used. As discussed in sedi8rhis may lead to
unsolvable SPDEs. Nonetheless, if Galerkin solutions of such constructions are
compared to Monte Carlo simulations, good agreement is usually found.

Publications that use generalised polynomial chaos expansions often construct
the material directly by its Karhunen—Loéve series, as shown in s&fah This
may be done so that the material is uniformly bounded from above and below. The
marginal probability distribution of the material is then not known analytically
(see sectio.2.2), but a well-posed problem is obtained.

If the ansatz is chosen as in E§.Z.9, then the size of the ansatz space grows
polynomially in the dimensions. This makes the polynomial chaos ansatz in
principle suited for moderate- to high-dimensional problems. Still, the number of
ansatz functions grows fast for high polynomial degrees and/or for high dimen-
sions. A way to overcome this may be adaptive methods; see sécidn

In publications on Galerkin SFEM, high-dimensional problems have rarely
been tackled. Most publications discussed in the following sections test their nu-
merical methods in less than five stochastic dimensions. However, it is not the
randomness that makes stochastic problems difficult but the high dimensions.

6.4.1 Resulting Systems of Equations

If the ansatz Eq.6.2.]) is inserted into the weak form of the SPDE and Galerkin
conditions are applied, the following equations result.

¢ Inthe linear case Eq6(1.4), a linear system of block equations results: for
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alye”
(6.4.1)

& o K (@)Hp(0)Hy(0) dRu(e)u® = /Q ., T(@)Hy(@) dRs(w),

whereP,, denotes the probability distribution of the vector of random vari-
ablesw. These equations may be written in block matrix form as
(6.4.2) Ku =f.

Writing the integrals in Eq.6.4.1) as expectations, the block matkxand
the block vectof have as entries

(6.4.3) Kpy=E (KHgH,), and f,=E(fH,).

In the literature on stochastic FEM (e @hanem and Spands991h Ghanem
19990, the integrals in the stochastic dimensions are usually not computed
exactly but by an expansion &f(w) in the ansatz space; see sectfof.3

¢ In the nonlinear stationary case E.1.95, a system of nonlinear block
equations

6.44)  r(uw) / (S u®Hg())Hy() dRy() = 0
Berl
results for ally € 7 (Keese and Matthie2002 2003hd), which may be
written as a set of nonlinear block equations
(6.4.5) r(u)=0,

with a nonlinear functiom ; R"<\Zl — RnxIZ]

Solutions may be obtained by standard methods, e.g. by Newton or quasi-
Newton methodsKeese and Matthie2002. This requires the evaluation

of the high dimensional integrals in E®.4.4. For this,Keese and Matthies
(20039 used Smolyak quadrature; see seciiah

e For the instationary case Ed.L.7), a set of ODEs results. The ansatz for
the coefficients in Eq.6.1.6 may be chosen as

(6.4.6) ut,w) = 5 uP(t)H
Bez

or, together with the spatial ansatz,

n

(6.4.7) u(t, x, @) = Zx (X)Hg(w),
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and the time dependent block vector of all unknowns is then
(6.4.8) ut) = (...,uP),..)T  er™HIL

The application of Galerkin conditions in the stochastic dimension yields a
coupled system of ODEs

(6.4.9) r(a(t),u(t),t) =0, t>0,

which may be solved by standard techniques.

There are some publications that solve linear instationary SPDEs with sto-
chastic operator by Galerkin schemes (&\@ubke 1996 Ghanem1998hc,
1999¢ Ghanem and Sarka2000 and some publications that solve deter-
ministic operators with stochastic right hand side (elgrdak et aJ.2002

Xiu and Karniadakis20023; see sectioB.4.10and sectior.4.10 An anal-

ysis of the solution of stochastic initial value problems (ODEs with stochas-
tic coefficients) was performed Babuska and Li{2003.

6.4.2 A Priori Estimates

The discretisation by global polynomials ipaversion of the finite element method
in the stochastic dimensioBabuska et al(2002 give a priori estimates for the
p-version as well as for thiep-version discussed in secti@m.9

The a priori estimates are not restricted to polynomial chaos, but were obtained
for general piecewise polynomials. As ansatz spBabuska et al(20020 use a
full tensor ansatz containing all multivariate polynomidswith 0 < 3j < p;,i =
1,....m. Letp=(py,...,pm)' and denote by, p(X,w) the Galerkin approxi-
mation obtained for a spatial discretisation with linear finite elementR wiith
maximum diameteky and with the stochastic ansatz space described above. Then
the following a priori estimate holds for the error of the mean of the solution
(Babuska et a]2002h Theorem 6.3):

(6.4.10) |E(U0) ~ E (U pls )

R < C(k% + ii(ci )2pi+2> ’

wherec, cy,...,cy > 0 are constants.

As this a priori estimate shows, for a fixedq the p-version converges super-
linearly, but the estimate does not give a useful estimatenfer co.

In contrast to most other methods discussed in this section, the number of
ansatz functions grows here exponentially in the number of dimensions, which
makes the approach impractical for high dimensions. There, usualigailith
IB| < p are used, but then this a priori convergence does not hold.
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Benth and Gjerd€1998 compute convergence rates for approximations of
an elliptic SPDEs depending on the stochastic regularity of the solution. They
show that if the exact solution is an element oH}(R) ® ()P 9N H2(R) ®
(97P79, (p € (0,1],k € R) (see sectior2.3 for definitions) and ifum p denotes
the solution obtained by a Galerkin approximation in tensor products of linear tri-
angular finite elements with maximum diametesind Wiener polynomial chaos
of degreek in m Gaussian random variables, then the error in the solution can be
computed by an explicit upper bound on the duality pairing with a smoother ran-
dom variabley € H}(R) @ (S)P9, wherer = p—q satisfies > r* as in Eq. 2.3.5.

The estimate is

(6.4.11)

(U= Ump,V)| <cz- (C(m, K, DUl 2Ry (5)-p- ‘|‘Czh||uHH2(R)®(S)*P»*P> v,

where||v|| = [|Vl[y1r)g (g, Wherec(mk,r) is given in Eq. 2.3.6, and where
C1,Cp are independent af, v.

Note thatc(m,k,r) — 0 for m — oo and hence, in contrast to the estimate
Eq. 6.4.10, it yields a a useful estimate fon — oo. But here, the requirements
are stronger than for the estimate E@4(10.

6.4.3 Evaluation of the Integrals

The integrals occurring in the Galerkin scheme have to be evaluated. In the linear
case Eq.4.4.)), integrals

(6.4.12) Kgy = /Q . K(©)H(6)Hy (@) dRy()

need to be computed (we will not discuss the integrals in the right hand side), and
in the nonlinear case expressions

(6.4.13) ry:/Q(m>r(ﬁg1u(l3)|_|8<w))|_|y<w) dPy(®)

must be evaluated.

Both integrals may be evaluated by the methods for high dimensional integra-
tion discussed in section.l It was observedeese and Matthie2003d that
Eq. 6.4.13 may not be suited for the evaluation by Monte Carlo methods as the
variance for the integrand may be large due to properties of the orthogonal polyno-
mials used. In this case, sparse quadrature may be an efficient alterKaibse (
and Matthies2003db).
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In literature on SFEM, the integral E6.64.129 is usually not computed ex-
actly, but the operator is replaced by an approximate expansion in polynomial
chaos, e.g. se8hanem(1999h,

(6.4.14) K=Y K(@Hy(w),
aeJ

whereJ is a suitable set of multi-indices which may be chosen independently of
7. Once the matrice Y have been computed, the integral may be approximated

by

(6.4.15) Kgy= 5 K@E (HaHgHy).
aeg

The term<E (HGHBHV) may be computed beforehand, and as they have a peculiar
non-zero structure, the block matrix becomes a sparse block matrix, which permits
efficient storage of the block equatiordi{anem and Kruget 994 Pellissetti and
Ghanem200Q Matthies and Kees001ab, 2003.

Note that the sum in Eq6(4.19 may be seen to be a finite seriédatthies
and Keesg2003-the reasons are thagHy is a polynomial of degreg +y and
thatHy is orthogonal on the space of polynomials of degree lessdhafience,
the set7 may be chosen so that E.4.15 is not an approximation but gives the
exact value of (KHqHp).

The computation of th& (@ is demonstrated here for the elliptic example
Eqg. 6.1.3. They can be computed by the mutual orthogonality of{tHg} as

(6.4.16) K@ — E (KHq) / / K(X, 00)Ha (@) APy (00) VN(X) VN(X)! dx
(6.4.17) _ / (VN dx,

wherek (@ (x) is the projection of the random fiekdx) on the polynomial chaos.
The coeﬁicients<(x)(°‘) can be computed analytically by EQ.2.19. For a log-
normally distributed (x), the coefficients have additionally been derived from the
characteristic functionGhanem19994).

A more efficient representation of the block mathiAgtthies and Kees€001a
Keese and Matthie2003f Matthies and Kees@003, which is better suited for a
parallelisation of the SFEM solveKéese and Matthie2003ce) is obtained if the
random field is not projected onto the polynomial chaos directly, but if instead the
uncorrelated random variables in its KL-expansion are expanded in polynomial
chaos. One may then write

(6.4.18) Kyy=Y 3 &VKE (HaHgH,),
J

I ae
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where theEi(G) are the polynomial chaos coefficients of the uncorrelated random
variables occuring in the KL-expansion and where Kheare the usual stiffness
matrices obtained if the KL-eigenmodes are used as material.

6.4.4 Efficient Solvers for the Block-Equations

Ghanem and Kruge1996 use the diagonal dominance in the block matrix to
precondition a conjugate gradient solver and other Krylov solvers. An incom-
plete factorisation of the mean matrix of the system is used. Further, there and in
Ghanem(19993, the hierarchical structure is exploited using the Schur comple-
ment for prolongation, but it is not extended to multilevel solvers. The hierarchical
approach is found to show a good performance.

Pellissettiand Ghane(@000 extend the above findings; the data management
of the block equations is addressed and an efficient matrix vector multiplication
is implemented, which uses that each of Khehas the same nonzero pattern. For
preconditioning, inexact block Jacobi is proposed, and it is mentioned that for
large random fluctuations this preconditioner may fail.

Matthies and Kees@001ab, 2002 use a larger class of block-diagonal solvers
and additionally implement multilevel methods in the stochastic dimension.

Solvers for nonlinear stochastic PDEs were presentadd®ge and Matthies
(2002 2003db) based on modified Newton methods and quasi-Newton methods.

6.4.5 Parallel Solvers

The potential for parallelisation of the method was observed in some publications.

Ghanem and Krugef1996 suggested to parallelise or vectorise the matrix
vector multiplications or to use a coarser parallelisation for the block matrix mul-
tiplication.

Xiu and Karniadakig2002g proposed to put each Karhunen—Loéve mode on
its own processor for speeding up the nonlinear solution of Navier Stokes equa-
tions with random boundary conditions.

Keese and Matthie€003fc,e) implemented a parallel solver for stationary
stochastic problems with non-Gaussian material parameters. On 20 processors,
good speedup was obtained for discretisations with more than a million unknowns.

6.4.6 Adaptivity and Sensitivity for
Polynomial Chaos Ansatz Spaces

Almost all publications on polynomial chaos Galerkin schemes use the full set of
polynomials in a given number of random variables up to a certain total degree.
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As seen in Eq.Q.2.9, this results in a polynomially growing number of ansatz
functions in the number of dimensions. The ansatz space is large, and hence
adaptive methods are important.

Adaptivity for the response of a Duffing oscillator under stochastic Gaussian
excitation is implemented bli and Ghanen(1998. The time dependent exci-
tation is Karhunen—Loeve expanded in a set of random variahles. , wy,, and
the response is expanded in polynomial chaos, where all polynomials of degree
one are used and where higher order degree polynomials are only included on a
subset of the most important random variables. This subset is found iteratively:
Initially, the random variables most important for the expansion of the excitation
are used. Then the system is integrated in time, and the subset of important ran-
dom variables is chosen anew based on the norms of the projections of the solution
on the random variables. This iterative scheme is repeated until the subset of most
important random variables does not change any longer.

The results in the paper show good performance, but it is a heuristic proce-
dure. The question whether the iteration leads to an improvement in speed when
compared to starting with a larger ansatz space is not investigated. For the experi-
ments, the system was solved up to four times until a stable subset of the random
variables was obtained, but the procedure did not always converge. It might be
possible to enhance the adaptation process by choosing not all polynomials on a
subset of the random variables but by choosing a subset of the polynomials in all
random variables.

Ghanem and Pellisseif2002 compute the sensitivities of the stochastic re-
sponse with respect to the data of the stochastic fields. This is performed by
taking derivatives of the system equations with respect to the coefficients in one
term of the Karhunen—Loéve expansion on a certain element of the FEM mesh.
For an instationary linear flow problem, the sensitivities of the solution on these
coefficients are computed and it is proposed to use this methodology for refining
the data available for the material parameters.

Keese and Matthie0033 implement an adaptive scheme for the solution of
elliptic SPDEs, which is based on a goal-driven approach: It is observed that the
ultimate goal in solving an SPDE is the evaluation of a functional of the solution,
e.g. its mean at some position. The solution of a system dual to the original one
can be interpreted as sensitivity of the system with respect to this functional. This
sensitivity is successfully used to adaptively refine the ansatz space for the solution
of the stochastic system.

This approach can be extended to instationary or nonlinear problems, and the
error indicator obtained is directly applicable for space-stochastic adaptivity.
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6.4.7 The Relation to Monte Carlo Formulations

Ghanem(1998¢ 19999 interprets the Karhunen—Loéve-eigenmodes as scales of
fluctuations upon which the stochastic systems acts as a nonlinear filter coupling
the uncertainties from various scales. They identify the decomposition of a field
into scales of fluctuations as a large advantage of their SFEM method. The dis-
advantage of Monte Carlo simulations, when compared to polynomial chaos ap-
proaches, is characterised there by the inability of Monte Carlo techniques to make
use of the relation between different scales.

However, one may also use KL-expansions in the context of Monte Carlo or
other integration techniques. Each KL-eigenvalue may be seen as a measures of
the importance of the dimension associated with the random vaablé/hen
integrating over the probability space, one might take that into account and sample
accordingly, e.g. by a Smolyak quadrature formula that uses less sampling points
in the less relevant stochastic dimensions. For Monte Carlo techniques the effi-
ciency does not decrease with the number of dimensions, hence it is probably not
necessary to take into account relative the importance of the dimensions.

The polynomial chaos expansion may be coupled with Monte Carlo simula-
tions (Ghanem 1998a 19993 1998h. The solution is expanded agx, w) =
Y a UaHa (0) + 5 Gid(w— wy ), whered is the Dirac function and whewsg; are the
random events from the Monte Carlo simulation. A Galerkin projection is per-
formed in the stochastic space (i.e. the residual is weighted both witHt(w®)
and with thed(w— wy). This results in a large set of block equations, where the
part belonging to the Monte Carlo simulation is block diagonal.

From the mathematical viewpoint there is an open question to this approach:
0 is a distribution (a linear functional) defined BSd(w— wy) f(w)) := f(wy).

For the weighting, the terms (5(w— wi)3(w— wj)) are needed, but this expres-
sion is undefined for the function&l Further, the Delta distribution is not in the
admissible space of the admissible stochastic sp&cef the SPDE; see chap-

ter 4. Hence, in the opinion of the author, this approach may not be seen as
a Galerkin scheme involving Dirac ansatz functions but as a variance reduction
method: Ghanem(19983 first obtains the polynomial chaos solution and then
uses Monte Carlo simulations to reduce the error (which has a smaller variance
than the solution). Alternatively, this approach might be used to compute error
bounds for the polynomial chaos solution by Monte Carlo simulations.

If an approximation of the probability density of the solution is known, im-
portance sampling may be performed. This is showGbgnem(19993, where
the exact characteristic function for second order polynomials in Gaussian RVs is
inverted to obtain the probability distribution for the second order approximation
of the process. However, if the stochastic dimensions are small, as in this example,
it may be more useful to use another integration method than Monte Carlo integra-
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tion, which is of greatest advantage for large stochastic dimensions. Nonetheless,
an approximation of the probability density obtained by a Galerkin SFEM might

a good a choice if used for importance sampling of a Monte Carlo integration in
higher stochastic dimensions.

6.4.8 Doubly Orthogonal Polynomials

If the random material is represented as a series expansion in independent random
variables

(6.4.19) K(X, ) = K(X) + _iki(x)(q

like in EQ. 3.2.9, then the equations for solving Ed.{.4 resulting from the
stochastic Galerkin method may be put into block diagonal form by choosing
a special stochastic ansatz of multivariate polynomials (generalised polynomial
chaos).

This is shown byBabuska et al(2002h, who choose a basis of the (gener-
alised) polynomial chaos consisting of polynomials, which are mutually orthogo-
nal with respect to two different scalar products: Recall Bais the probability
measure induced k. In each stochastic dimensiéh choose a set of univariate

polynomialshl((i) of degreek, k=1,...,n; such that

(6.4.20) / hOhD dRy () = 84, kI =1,....m,

and so that at the same time with some constats

(6.4.21) / o h'h dR, (@) = i da, kI =1,....m.

The construction of this set of polynomials is possible for all1, ..., mand may
be performed by solving a generalised eigenvalue prob{&ohup and Van Loan
1996 pp.463ff.).

The stochastic ansatz space is then constructed by tensor produdisZEyy. (
of these polynomials, which yields a block diagonal matrix in Eg4.@. The
effort in solving this kind of problem with doubly orthogonal polynomials is the
same as if a Monte Carlo simulation is used, where the number of experiments
equals the number of multivariate polynomial ansatz functioBabuska et al.
(20021 state that the computational complexity of this approach can compete
with the Monte Carlo method.

This decomposition is only possible for linear SPDEs and for this special case
of a random material. For nonlinear SPDEs and for general material parameters,
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the block matrix cannot be block-diagonalised by this technique. Note that if the
material is chosen like this, then its marginal distributions are not known analyti-
cally; see the discussion in sectidr2.2

6.4.9 Stochastihp-Galerkin method

The function spaces discussed above consist of tensor products of global polyno-
mials in each stochastic dimensidRs Alternatively, piecewise polynomialdy

in the stochastic dimension may be usBelf et al, 2001, Babuska et al.2002h

Elman et al, 2002.

Foreach =1,...,m, choose a one dimensional mesh with maximum diameter
ki > 0 discretising the stochastic dimensi@n Denote byh(l'), . .,hﬁi) piecewise
polynomials on the mesh (e.g. usual one dimensional FEM shape functions). The
ansatz function$ly on Q™ are then constructed for a multi-indexas tensor-
products Eq.§.2.3 of the one-dimensional piecewise polynomials.

Assume that the ansatz spdé#, } contains all multivariate piecewise polyno-
mials with degree up tp on the regular mesh dd™ constructed as the Cartesian
product of the one dimensional meshes and collect the maximum element size of
the one dimensional meshes in the vedter (ki, ..., ky) to denote the size of the
m-dimensional regular mesh.

Assume that the spatial discretisation is performed by linear finite elements
in R on a mesh with mesh sizg > 0. For the elliptic problem Eqg.4(1.1),
the Galerkin approximationy, x , obtained for this spatial discretisation and the
stochastic space described above can be shown to converge to the exact golution
(Deb et al, 200 Babuska et al20020.

A priori estimates are given bBabuska et al(2002h Remark 5.1) under
the assumption that the solution has a certain stochastic and spatial regularity:
Assume that for an integer> 1 the solutioru € CP*(Q(M; H*1(R) NHZ(R)).

Then the following a priori estimate holds

(6.4.22)  [[E(u(w,")) — E (U kp(®.") llL2m) < C<kos+1 n k(p+1><s+1>/s)7

wherek = maxks,...,kn}, and wherec > 0 is some constant. As this priori
estimates shows, both theversion and thg-version converge.

The method is tested yeb et al.(2001]) for a linear test-equation with piece-
wise constantly (p=0) on a rectangular mesh of hyper-cube<it" for uni-
formly distributed mutually random variableg. Good agreement of the com-
puted with the theoretical convergence rate is observed, but only small stochastic
dimensionan = 2 are tested. Another test is performed in the same publication
for the elliptic SPDE on a domaiR C R? and for the stochastic dimension= 3.

The computed solution is found to agree well with Monte Carlo simulations.
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Only the h-version in the stochastic dimension has been tested in the publi-
cations. EIman et al.(2002 use this approach with a 10-dimensional stochastic
space (with more than a million stochastic degrees of freedom) for an SPDE with
deterministic operator and stochastic right hand side, which does not require the
solution of block-equations Eg64.2, but many times the solution of one deter-
ministic system.

This approach is impractical for stochastic operators in high stochastic dimen-
sions due to the curse of dimension: as a regular mesh is used, the number of
ansatz functions grows exponentially with dimensions; see &8.4. Applica-
tions to high dimensions require different computational techniques, e.g. sparse
ansatz spaces might be a good candid&repel et al. 1999 Schiekofer and
Zumbusch1998 Schwab and Todp2002); see sectio7.1.4 Additionally, adap-
tive techniques in the stochastic dimension may be required.

6.4.10 Applications of Polynomial Chaos SFEM

We give an overview of some selected applications. In the followings the
number of stochastic dimensions apds the total degree of polynomial chaos
used in the publication.

Linear Stationary Problems: Most applications published so far are linear sta-
tionary problems. Here is a small selection.

Applications to stochastic beams and stochastic plates have been presented by
Ghanem and Spand$991h. Ghanem and Krugg1996 apply iterative solvers
to a two-layered medium with a random interface and to a random plane stress
problem examplef{= 4, m= 6). The same example is solved GBjranen{19983
by a combination with a Monte Carlo method.

Pellissetti and Ghanei2000 solve a cantilever beam with random stiffness
and a pollutant transport problem resulting in nonsymmetric equatpas(m=
4,c.0.v. = 20%). Ghanem and Red-Horg&999 solve a beam with random mod-
ulus of elasticity by spectral stochastic finite elements.

Instationary Problems: The following list is a selection of works using polyno-
mial chaos for the stochastic discretisation of instationary problems.

Waubke(1996 computes stochastic response spectra of dynamic linear elastic
soil problems with Gaussian or lognormally distributed stochastic shear modulus.
The spatial discretisation is performed by a dimension reduction with Fourier or
Hankel transforms or by boundary elements.

An instationary linear system of two coupled SPDEs describing the transport
of a pollutant in unsaturated soil with random permeability is solve@hgnem
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(1998h. Linear instationary flow in a porous medium driven by D’Arcy’s law

on a two-dimensional rectangular area with a random hydraulic conductivity is
solved inGhanem(19989. In both cases, the large set of resulting ODEs is solved
with standard procedurem(= 4). This work is expanded bhanem(19999 to

the case where both the conductivity and the heat capacity are random (in the
numerical experiments, the capacity is a random variable, only).

An axial bar with random Young’s modulus and time-dependent excitation
is solved byGhanem and Sarkg2000 by a frequency-domain transformation
and projection on the prominent eigenvectors. The reduced model is solved with
polynomial chaos.

Jardak et al(2002 solve the advection equation with stochastic transpert
v(x,t,w)u’ = 0 by a polynomial chaos ansaifx,t, w) = ¥ 4 Ua (X, t)Hg(w). The
polynomial chaos solutions are compared to exact solutions for simple cases and
are found to match well. Both Gaussian and lognormal random fields are used.

Xiu and Karniadakig2002g solve the instationary incompressible Navier-
Stokes equations with a deterministic operator but with random boundary con-
ditions by a polynomial chaos ansatz. The Galerkin projection in the spatial and
stochastic dimension results in a large coupled set of nonlinear ODEs which is
solved in time by a third-order semi-implicit scheme. The spatial discretisation
is performed by spectrdip-elements. For the simulation of a channel-flow with
a Gaussian random velocity field on the boundary, a large correlation length was
chosen so that an ansatz space of 15 stochastic ansatz functions was sufficient
(m=2,p=4). Xiu et al. (200]) solve a fluid-structure interaction with stochastic
inputs.

Li and Ghanen{1998 solve an instationary Duffing oscillator (deterministic
operator) with stochastic Gaussian excitation by converting it into a system of
ODEs and by expanding the response in polynomial chaos and applying Galerkin-
conditions in the stochastic dimension.

The application of polynomial chaos-Galerkin schemes to Ito SDEs with col-
ored noise for applications in option pricing has been proposeldlbk (1998,
but has not been implemented there.

Nonlinear Problems: There are a number of publications on nonlinear insta-
tionary systems under stochastic loading (see above). The number of publications
on systems with nonlinear stochastic operator is scarce. Elasto-plastic problems
have been solved b§nders and Hor{(1999.

Keese and Matthig®2002 present efficient solvers based on modified-Newton
and Quasi-Newton methods for the stationary solution of nonlinear flows with
stochastic material parameters, and the question how to compute the required inte-
grals in the stochastic space has been addressed. The computation of the integrals
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has been proposed and implemented@ese and Matthie@0039 by Smolyak
guadrature.

Applications of Generalised Polynomial Chaos: Xiu and Karniadaki20023,
Lucor and Karniadaki§2003 andXiu et al. (2002 propose to use functions from
generalised polynomial chaos for a stochastic Galerkin scheme.

Xiu et al. (2002 andLucor and Karniadaki§2003 use polynomial chaos to
solve instationary coupled Navier-Stokes/structure equations (an elastically moun-
ted cylinder in a laminar flow) with stochastic inputs (stochastic boundary con-
ditions and stochastic forcings) and a deterministic operator. All random vari-
ables mentioned in the paper are Gaussian, and hence it is not clear whether more
general stochastic ansatz functions than the original polynomial chaos have been
tested. Time is discretised by an implicit 2nd order Newmark scheme, resulting in
a large system of equations in every time step. The stochastic dimensica &
polynomial chaos degrege= 3, and the ansatz space for the spatial dimension is
large.

An elliptic operator with stochastic inputs is solved Xy and Karniadakis
(2002h using generalised polynomial chaos.

Xiu and Karniadakig2002h apply generalised polynomial chaos expansions
to the solution of Poisson equations with stochastic operator and stochastich right
hand side in probability spaces with various probability measures. The errors in
the approximation are computed for a one-dimensional problem with known solu-
tion in one random variable, and it is found that the errors decrease exponentially
in the degree of the polynomial chaos.

6.5 Other Approaches

We give a short (and incomplete) selection of approaches different to the ones
discussed before.

6.5.1 Deterministic Operator with Stochastic RHS

The present review focuses on stochastic operators. For completeness, some re-
cent results on deterministic operators with stochastic right hand side are men-
tioned.

While stochastic right hand sides are often forcing terms in instationary prob-
lems, for example wind load¥\@alsh 1984 Krée and Soizgl986), the techniques
described here do not consider this case but stationary SPDESs of the form

(6.5.1) -V - (K(X)Vu(x,0)) = (X, w) xe€ R ulgr=0.
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Linear systems under stochastic loads may be solved by linear filtering theory (e.g.
Papoulis 1991 Grigoriu, 1995 and are in general easier to solve than equations
with stochastic operator. In this example, the mean of the soluti®the solution
of the PDE when the mean dfis used as right hand side. Existence of solutions
is analysed byschwab and Todqg2002, Deb et al.(2001), and byBabuska et al.
(20021.

Deb et al.(2001) and Schwab and Todof2002 show that the covariance
cowy(X1,X2) is the solution of a fourth order elliptic PDE é¢hx R It is the func-
tion that satisfiesl¥eb et al, 2007)

(6.5.2) Bc(cowy, V) ://covf(xl,xz)v(xl,xz)dxldxz,
RJR

for all appropriater on R x R, where coy is the covariance function of the right
hand side and whet&: is a bilinear form defined for suitabl€éx;, x2),v(x1,X2) :
RxR— Ras

(6.5.3)

Bc(u,v) :/R RK(xl)K(xz)(Vxlu(xl,xz))t(VXNXZv(xl,xz))VXZU(xl,xz) dx dx.
X

Schwab and Todq2002 show that for a coercive operator the PDE for the covari-
ance has also a coercive bilinear form and provide a regularity analysis pincov
terms of coy.

For the numerical solution of Eg6(5.2), Deb et al(2001) propose usual finite
elements, whil&schwab and Todaof2002 use multilevel techniques with sparse
finite elements (see sectignl.4.

Other methods for the solution of deterministic operators with stochastic RHS
have been based on expansions of the solution in tensor products of finite ele-
ment functions and stochastic ansatz functions. These are briefly addressed in
section6.4.1Q

Elman et al.(2002 solve an accoustic scattering problem and use piecewise
constant functions on a high dimensional regular mesh for the stochastic discreti-
sation and obtain a set of linear equations with multiple stochastic right hand sides
which they solve by iterative block algorithms. Other works have been based on
expansions in (generalised) polynomial chdascr and Karniadaki2003 Xiu
et al, 2002 Xiu and Karniadakis2002¢b; Xiu et al,, 2007).

6.5.2 Semi-Direct Solution of SPDEs

Some problems may be solved exactly in the stochastic dimensions, once the spa-
tial discretisation has been performétlishakoff et al.(1995 compute solutions

for Bernoulli beams with stochastic flexibility by rewriting the beam bending equa-
tion as two separate equations, each with a stochastic right hand side. Exact 2nd
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order statistics of the solution may then be obtained directly. The same principle
is applied byElishakoff et al (1999 to Bernoulli beams with stochastic flexibility
subjected to stochastic loads.

Elishakoff et al.(1997) generalise a method byuchs(1992 to stochastic
beams: the finite element ansatz is represented in eigenmodes of the element stiff-
ness matrices. This allows to assemble the global stiffness ntatfrom the
diagonalised element stiffness matrices so that it has the KemRD(w)R,
whereR is a (non square) matrix containing deterministic coefficients and where
D(w) is a diagonal matrix containing the random stiffnesses of the elements. By
incorporating constraints from the essential boundary conditions, the nitrix
may be replaced by an invertible matrix, and exact moments of the solution may
be computed. If an expansion asar.lis known for the material properties, ex-
act solutions fou can be computed. The method has been presentetdhakoff
et al. (1997 for the Bernoulli beam, but it may be applied to more general linear
problems.

This technique requires that the matRbecomes invertible after eliminating
the essential boundary conditions. For problems in higher spatial dimensions, this
is usually not possible.

6.6 Comparisons of SFEM-Methods

Monte Carlo h-SFEM p-SFEM
d (1+p)" (1+p)"
L2(R) error k3 + % k3 -+ k2(P+1) k3 4 r2(p+1)
m d
L2(R) optimal work | TOL~(?+4/2) ToL (Cawin—%) (log, (TOL))"TOL~9/2

Figure 6.6.1: A priori performance for the Monte Carlo method, the stochpstic
version and thé-version, taken fromBabuska et a|2002h Table 2). See below
for the meaning of the symbols.

A priori convergence rates of the Monte Carlo methods,ghversion (poly-
nomial chaos, see secti@¥.2 and theh-version of sectior6.4.9are compared
by Babuska et al20020. The findings are summarised in Tablé.1 There, the
row labeled “Work” denotes the total amount of work for the given parameters.
L2(R) error denotes the order of the a priori error for tHf¢R) error of the solu-
tion’s mean, whild_?(R) optimal work shows the optimal work required to obtain
a given tolerance TOL for thiex(R) error of the solution’s mean.
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In the comparison, it is assumed that the spatial problemdhdisnensions
and that its discretisation is performed by linear finite elements with mesksize
which is the reason for the terkg in theL2(R) errors. The number of Monte Carlo
simulations isZ. The polynomial degree of the stochastic ansatz functioms is
both in theh-version and in the-version, andk denotes the maximum diameter
in any stochastic dimension of the finite element mesh irhtkersion, whilem
denotes the stochastic dimension, amslsome constant.

The table only shows the order of the effort involved. Which of the meth-
ods is favorable hence may depend on further constants in the estimates. As
the optimal work of both thér-version and thex-version grows with the num-
ber of stochastic dimensions while the optimal work for Monte Carlo methods is
dimension-independent, Monte Carlo methods are advantageous if the dimension
is sufficiently high.

Xiu and Karniadakig20023 find the effort of solving Navier-Stokes equa-
tions with random boundary conditions by a polynomial chaos Galerkin-ansatz
substantially faster than a standard Monte Carlo simulation (no explicit timings
were given). It is claimed there that the solution of a stochastic flow around a
cylinder, for which they used 6 days, would take more than a year via Monte Carlo
simulation.Jardak et al(2002 show that the solution of the advection equations
with stochastic transport is sped up compared to a standard Monte Carlo simu-
lation by some orders of magnitude (speed-up factors from 1000 to 200,000 are
observed) if a polynomial chaos approach is used.

While these findings seem to demonstrate the superiority of generalised poly-

nomial chaos approaches over Monte Carlo simulations, Kathand Karni-
adakis(2002g andJardak et al(2002 use a small stochastic dimensian € 2).
The problem is hence unfavorable for Monte Carlo techniques. The comparison
had probably been less favorable for the Galerkin methods if an integration tech-
nique more appropriate for small dimensions, like a full tensor product Gauss-
quadrature rule, had been chosen in the comparison.

A comparison of some FEM-approaches was performeBragkala and El-
ishakoff(2001]) for a test-equation with only one random variable,

(6.6.1) K(wu(w) = 1.

The random variabl& (w) was chosen there astlaw with o € (0,1) andw a
uniformly distributed random variable 9@, 1]. Comparisons to the exact solution
were performed for the perturbation method, a Galerkin-projection on Legendre
polynomials inw (generalised polynomial chaos), and a response surface method
(1st-to 3rd-order polynomials). All tested methods worked well for small coeffi-
cients of variation (c.0.v< 43%). The generalised polynomial chaos expansion
gave the best solutions in every experiment they performed. Based on their exper-
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iments,Brzakala and Elishakoff2001) concluded that all of these techniques are
impractical for large coefficients of variation.

However, they used only polynomial expansions up to third degree, and the so-
lutions converge to the correct solution if enough ansatz-functions are used. The
errors in the results of all methods shown Brzakala and Elishakoff2001) be-
have qualitatively similarly with respect to the coefficient and variation and with
respect to the degree of the expansion, which is not surprising as all these methods
use a polynomial expansion.

6.7 Conclusions

This chapter discusses techniques for discretising the stochastic part of SPDEs.
They all rely on representing an SPDE in a high dimensional spac&®(™.

This high dimensional space exists implicitly in most publications on SPDE, but
making the representation explicit was suggeste®bél et al.(2001); BabusSka

et al.(2002h; Babuska and Chatzipantelid@0032.

The review has put the emphasis on stochastic Galerkin schemes as such
schemes are the state-of-art for deterministic problems and as this has been an
active area of research, recently. The a priori estimates in se&iér&and6.4.9
as well as the comparisons in secti®® show that stochastic Galerkin schemes
are a promising approach for the solution of SPDESs with stochastic operator.

Various discretisation techniques that are usually seen as independent of each
other, namely some response surface methods, perturbation methods, Neumann
series methods, and Galerkin methods, were viewed here as similar techniques:
each represents the solution as a series of stochastic functions, but the coefficients
of the series are computed differently. If the functions in the expansion are mul-
tivariate polynomials, then an expansion in polynomial chaos is obtained. Note
that most publications use the term “polynomial chaos” to indicate an ansatz in
orthogonal polynomials. But the polynomial chaos is formally defined as the span
of certain polynomials, and the orthogonal polynomials are simply a convenient
basis. Therefore, all global polynomial ansatz spaces were seen as polynomial
chaos spaces in this review.

An advantage of the Galerkin methods over the other techniques is that it is
easy to use higher polynomial degrees for the ansatz, that functions more general
than polynomials may straightforwardly be used in the expansion, and that it is
easier than in the other methods to refine the ansatz adaptively.

It was mentioned that the representation as a high-dimensional problem in
principle permits to use the same ansatz spaces as in the finite element method.
However, stochastic Galerkin schemes are challenging due to the high number of
dimensions involved. Techniques applicable to high dimensional problems need
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to be used and standard FEM techniques cannot be directly applied to high dimen-
sional problems. A surprising finiding is that high-dimensional problems have
hardly been tackled by Galerkin schemes in the literature on SFEM (often the
stochastic dimension is smaller than five). The implementation of methods appli-
cable to high dimensions remains a challenge.

From this point of view, comparisons between stochastic Galerkin schemes
and Monte Carlo approaches found in the literature must be considered with care.
They are only meaningful with respect to the number of stochastic dimensions
used in the experiment. Statements about the superiority of Galerkin methods
over Monte Carlo methods as discussed in sedfidiimay not be meaningful
for higher stochastic dimensions (or for a different variance of the statistics con-
sidered), and a fair comparison would compare stochastic discretisation methods
with integration techniques that are appropriate for the stochastic dimensions.

Another problem has been touched in secdh the convergence of all meth-
ods discussed there degrades if the material parameters in the SPDE have a high
coefficient of variation. For such problems, perturbation approaches show poor
convergence as they rely on Taylor-expansions. Similarly, Monte Carlo methods
converge slowly if the integrand has a high variance. High-dimensional quadrature
techniques may be an alternative, but they were hardly used in SFEM techniques;
see sectiof7.1.1 The polynomial chaos approach is in principle applicable even
for large coefficients of variance, but in practice the required number of ansatz
functions becomes too large. In publications, good results were obtained for c.o.v.
of up to 50% (e.g.Ghanem 1999k 19989. The treatment of problems, where
the materials or the solution have a high coefficient of variance remains another
challenge.

Mostly, publications on SFEM produce results in a theoretical setting. A val-
idation of results is rare. Of the publications cited in this review, dviglaras
et al. (1997 performed a statistical validation and have good agreement of their
results with experiments.

The experiments used in the literature to assess the quality of SFEM-techniques
or to compare solution techniques must always be interpreted with respect to the
stochastic dimensions and with respect to the c.o.v. used in the experiment. As
well as one may construct experiments, where series expansions are superior to
Monte Carlo and other integration techniques (small stochastic dimensions, high
variance), one may also construct experiments where Monte Carlo techniques are
favorable (high stochastic dimensions, low variance). It is thus not easy to state
whether stochastic Galerkin methods are superior to Monte Carlo methods; the
a priori convergence rates in sectiéré may be a guideline when to use which
method.

More open challenges in the context of stochastic finite elements include the
solution of nonlinear problems. Only first steps in this direction have been taken
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so far in stochastic Galerkin methods. Another problem that requires more work
are adaptive techniques for choosing the stochastic ansatz.
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Chapter 7

Numerical Procedures and
Postprocessing for SFEM

This final chapter discusses special aspects of stochastic finite elements, like nu-
merical procedures for high-dimensional integration, aspects of reusing existing
software, and postprocessing of results.

7.1 Integrals in High Dimensions

The techniques of the previous sections require the evaluation of high dimensional
integrals. For instance, random fields are discretised in se6ttB by orthog-

onal projections ag(®) = E (kHg), and the Galerkin projections for nonlinear
problems in sectio®.2 involve integralsE (f(K,U)HB). In general, one needs to
evaluate expectations (or integrals) of the type

() =E@(©)= [ (e dRw)
:/Q /Q (001, 0, - . ., W) APy, (001) -+ - APy ().

Several methods may be used for this. Their efficiencies depend on the number
of dimensionam and on properties of the integrand. In reliability investigations
high-dimensional integrals arise in the computation of failure probabilities, and
often FORM or SORM methods (first/second order reliability methods) are used
there, (e.g.Haldar and Mahadeva2000. This kind of integration shall not be
treated here, where four classes of algorithms for high-dimensional integration
will be discussed:

(7.1.1)

e Monte Carlo methods (e.gCaflisch 1998 are insensitive to the number of
dimensions. But if the integrand has high variance or if a high accuracy is
demanded, they require a high computational effort, see settioh
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e Quasi-Monte Carlo methods (e.gaflisch 1998 Niederreitey 1992 are
discussed in section.1.2 They may be advantageous compared to Monte
Carlo methods if the bounded variation norm of the integrand is small and
if the number of dimensions is not too large.

e If a full tensor product of univariate quadrature formulas is used for the in-
tegration, the effort increases exponentially with the number of dimensions.
Hence, such formulas are not suited for treating problems in a SFEM con-
text; see sectioi.1.3 The exponential increase of the effort in the number
of dimensions has been termed the “curse of dimensions” [aglerreiter
1992 Novak and Ritter1997 Novak 1999.

e Smolyak type algorithmsSmolyak 1963 combine tensor products of uni-
variate quadrature formulas. They are well suited for high-dimensional prob-
lems if the integrand is smooth; see secfroh.4

Each of these methods obtains an approximafg(f ) of Eq. (7.1.7) by eval-
uating the integrand i@ integration pointa¥, ..., @@ c Q™ and by linearly
combining the results with weightg,, ..., wz € R,

4 .
(7.1.2) Qz (W) = .Z\Wiq-'(w(l))-

7.1.1 Monte Carlo Methods

For an introduction to Monte Carlo methods see &gbol (1991, Fishman
(1999, or the overview article byCaflisch(1998, and the references therein. A
collection of recent research articles has been publish&thyéller and Spanos
(2002.

Monte Carlo methods choose the integration pofaié) } asZ independent re-
alisations of the random vectay= (wy, . .., wn)! and usen; = 1/Z. The integral
is hence approximated as

z .
(7.1.3) Qz(W) = %_;w(wm),

and the estimat®z() is a random variable converging a.s.tgy) due to Kol-
mogorov’s strong law of large numbers. For laethe errorez := |E (Y) —
Qz(W)| (a random variable) is

(7.1.4) ez ~0Z Y2N(0,1),
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whereN(0,1) is a standard Gaussian RV and wherés the standard deviation

of Y. The error is probabilistic and hence predictions can only be made with
some confidence level. An alternative convergence estimate basedKokgmaa-
Hlawka theorens discussed in the next section.

Due to the slow convergence of ordefo Z~/2), evaluations with high accu-
racy require a high computational effort and a reductioa &f important. Monte
Carlo methods may be sped up by various techniques for variance reduction. A
selection of common techniqueSdflisch 1998 is briefly mentioned hereAn-
tithetic Variablesadd integration points at(), which reduces the variance as
the linear term of the Taylor expansion ¢fw®)) + Y(—w()) around zero has
zero expectationControl VariatescomputeQz (Y — @), wheregis a function with
known E (¢). Matching Moment Methodwiodify the sequence™® ... w@ so
that their statistical moments match the moments of the underlying distribution.
Stratificationcomputes the integral ov€™ as the sum of integrals over disjoint
sets partitioningQ(™ and may be enhanced by recursive applicatPregs and
Farrar 1990. Importance Samplingxploits that the integral may be written as
E () = [om[P(w)/p(w)]p(w)dPy(w), wherep is a probability density similar
to Y. This is then interpreted as integration pfw)/p(w) with respect to the
probability densityp(w)dP,(w), and the integration points are generated accord-
ingly.

Monte Carlo simulations require reliable pseudo-random number generators,
e.g. seeKnuth (198]) for an introduction. Inadequate random number genera-
tors produce biased results (e.g. due to artificial correlations in tuples of pseudo-
random numbers). As a finite state machine, every pseudo-random number gen-
erator repeats itself after some number of iterations. Upon this the error in the
approximation ceases to decrease. Hence, a random number generator must pro-
duce independent tuples and have a large cycle length. On a parallel computer, the
sequences in the individual processes also need to be mutually independent.

According toCaflisch(1998, the pseudo-random number generators presented
by Press et al(1997, chapter 7) are reliable. In a review of parallel random gen-
erators Coddington 1996 some packages are recommended for parallel random
number generation, e.g. the SPRNG (Scalable Parallel Pseudo Random Number
Generators) libraryMiascagni et a).1999, which permits long sequences and
which is also recommended IGaflisch(1998.

7.1.2 Quasi-Monte Carlo Methods

Quasi-Monte Carlo methods evaluate the integrand in correlated points gener-
ated from so-calletbw discrepancy seriesAn important estimate for the upper
bound in the error of an approximation bf(Y) = f[OJ]leJ(w)dm computed by
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Qz(W) =27 5Z  p(w) from a serieswV, ..., w? € [0,1]M is the Koksma-
Hlawka theoren{e.g. Caflisch 1998 Theorem 5.1) which states that the integra-
tion errore = |l — Qz| is

(7.1.5) £ <V (y)Dz,

whereV (V) is thetotal variation of the integrand and whei@z is the discrep-
ancyof the seriedw(}; see e.gCaflisch(1998 for the exact definitions. Intu-
itively speaking, the discrepancy is the maximal error in approximating volumes
of rectangular sets insid®,1]™ by using samples from the series. It is claimed
by Caflisch(1998 that the total variation usually overestimates the error while
the discrepancy of the series is usually a good indicator for the actual error. A
sequenceV, ... w? is calledquasi-randonif its discrepancy obeys

(7.1.6) Dz <c(logz)"z 1,

wherec, n are constants which are independenZdfut usually depend on the di-
mensiorm. Often,n=m, and then the typical quasi-Monte Carlo error is obtained,
which isO(z~1- (logz)™). For high dimensions, the ter(ftogZ)™ dominates, but
nonetheless for many types of integrands a convergence r@tgot) is obtained
(Schirey2003.

A number of different quasi-random sequences have been developed, e.g. Hal-
ton’s sequencesPfess et al.1997, Chapter 7.7), or Sobol sequences; see the
monograph byiederreiter(1992.

According toCaflisch(1998, quasi-Monte Carlo algorithms often converge
faster compared to Monte Carlo in low dimensions, but for large dimensions
their effectiveness reduces. For non-smooth integrands, they become less effec-
tive which may be cured by smoothing the integrand. ExperimeniSdilisch
(1998 for a Sobol sequence in four dimensions show an err@(@ 1), but in
16 dimensions, the error reduces to the Monte Carlo err@(@f 1/2). The appli-
cability of quasi-Monte Carlo methods may be increased by dimension reduction
techniques. A comparison to quadrature algorithms is give®dbyirer(2003.

7.1.3 Quadrature by Full Tensor Products

Quadrature methods for high dimensions may be constructed as tensor products
of one-dimensional quadrature formulas—e.g. of Gaussian, Clenshaw-Curtis, or
Simpson quadrature formulas (e.§chwarz 1993 Press et al.1997). Assume

that in each dimensiof; quadrature formula®') are given{(= 1,...,m), each

with the same number of nodesand each exactly integrating polynomials of
degreep with respect to the measudd®,; (wi). The expectatiort (;(w;)) of a
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functiony; : Q; — R may be approximated as
(7.1.7) Q) = 3 wun(e),

Wherewl((') are the weights and)l(('),k =1,...,n are the nodes of the quadrature
formulaQ()

A quadrature formul&Q on Q™ may be constructed as tensor product of
the one-dimensional quadrature formul§= QY @ ---® QM. The integral

P : QM — R with respect to the measudd,(w) may then be approximated by

(7.1.8) z Z ZWkl (e, wp).

=lko=

This tensor product quadrature formula is exact for all multivariate polynomials
with (partial) degree not exceeding where a multinomiato‘i‘l ----- Wi is said
to have (partial) degrepif a; < pfor all i.

The computation of Eq.7(1.8 requiresn™ evaluations of the integrand and
hence is not feasible even for moderate dimensiongn=n30 dimensions, more
than a billion function evaluations would be required i 1.

For small stochastic dimensionsit was proposed@hanem 19993 to use
Gauss-Hermite quadrature for the computation of the stochastic integrals in a
polynomial chaos expansion in small dimensions and Monte Carlo integration
in higher dimensions.

7.1.4 Smolyak Quadrature and Sparse Grids

Quadrature formulas based on Smolyak type combinatiBnso{yak 1963 of
one-dimensional quadrature rules were applied successfully to high-dimensional
integration, e.g. to 360-dimensional problems Pgtras(2001, 2003. Other
names for such constructions aparse grid methodBiermann interpolation
Boolean methodgliscrete blending methogder hyperbolic cross pointsee the
articles byNovak and Ritte(1996 1999, andGerstner and Grieb€lL998 and

the references therein. The following exposition is based on the latter two of these
publications.

The Smolyak Construction:  For the construction of a Smolyak type quadra-
ture formula, not only one one-dimensional quadrature formula, but a sequence

of quadrature formuIaQ(li),Q(zi),Qg),... is required in each dimensidd;. For
simplicity, assume that every metthi') of level | has polynomial exactness
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(independent of) with m,1 > m. Assume further that th@l(i) the same num-
ber of nodesy have for alli, where all lowest order methods use only one node,

n = 1. The set of nodes used l@fi) will be calledzl(i) = {‘*%(2’---7(’%(521.} and
the weights will be denoted byl('i, o)

As discussed in sectionl1.3 tensorlbnlroducts of quadrature formulas are not
feasible in high dimensions if they all use more than one node. But if the tensor
product combines high order formulas in some dimensions with low order formu-
las in other dimensions, the resulting tensor product may still be practical in high
dimensions.

For a vectol = (I,...,In)! € N construct a quadrature rule integrating func-

tionsP: QM — R as

Q = Ql(ll) KRR Ql(:), which is applied tap by

Ny Nim
1 1
SIORD WD WU AR IANTIC AR AN
2,2

As we required that the number of points in the first quadraturerrute 1, the
evaluation ofQ, (W) is feasible even in high dimensions if only féwZ 1.

The Smolyak construction combines such tensor product formuIan\Zei:
O for alli and let

(7.1.9) AV =" -qQ",, leNi=1..m

Then the level Smolyak quadrature formula m dimensions is

(7.1.10) S Y aQ’e--eaQ
leNm |IT<m+l -1

for integersl € Ng (This is similar to the construction Ec6.@.5 for the polyno-
mial chaos, but in Eq6(2.9 the smallest entry in a multi-index is zero while here
all components ih are nonzero).

Eqg. (7.1.1Q can be rewritten (e.g.Novak and Ritter 1996 Gerstner and
Griebe| 1998 as

(7.1.11) = s (_1)m+ll||1(m—1> o
leN™ [ <[l <I4+m-1 1 —1

Note that sometimes another notatidfy, m) := ' .. , is used Novak and Rit-
ter, 1996.

Sparse Grids:  Every single tensor product formu@ evaluates the integrand
on aregular mesh of nodes constructed from the nodes of the underlying univariate
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quadrature formulag| = El(ll) X - X El(:). The Smolyak formula evaluates the
integrand on the unioR" of these meshes,
: = (1 -
(7.1.12) = J m= U ZVxeexmm
[Ha<mi-1 1 <mi-1

If the one-dimensional quadrature formulas are nested, Eéﬁ'ifg El('), then
=) C 5y whenevel; <I{,i =1,...,m. This results in a smaller number of points
compared to the non-nested formulas and hence in a reduced numerical effort.
The resulting set of pointg" is called asparse grid see the examples discussed
below and the plots for the Clenshaw-Curtis formulas in Fid.1

Smolyak formulas with nested grids may have better numerical stability than
formulas on non-nested grids as positive and negative weights may partially cancel
at common noded\Novak and Ritter1996. Explicit formulas for the number of
nodes in a sparse grid, and efficient algorithms for constructing it were presented
by Petrag2003. _

If the univariate quadrature formul@,"),i =1,...,m, are exact for all func-
tions from space¥;, whereV| C V,,1 for all |, then Novak and Ritter 1996
Theorem 2) the Smolyak quadrature formuiisare exact for all functions from
the space

(7.1.13) z VI, ® - @V,
leN™ |l|=I

e If the integrand is smooth, then Smolyak formulas based on one-dimen-

sional Gauss formulas may be a good choice. The fort@ﬂfds then cho-
sen as thé-point Gauss formula corresponding to the measiitg (Novak
and Ritter 1999.

For example, it consists of uniformly distributed random variables, Gauss-
Legendre formulas may be used (see the first row of FigJ). If wis Gaus-

sian, then Gauss-Hermite formulas may be a good choice (see the second
row of Fig.7.1.7).

As I-point Gauss-formulas are exact for polynomials of degree of at most
2l —1, Eq. (7.1.13 shows that the resulting Smolyak form@ais exact for

all polynomials of total degreel 2= 1. Recall that a monomiab‘i‘1 <o+ O

is said to haveotal degree pf ;a; = p.

e Another common choice for the one-dimensional formulas are Clenshaw-
Curtis formulas. Thé-point Clenshaw-Curtis (CC) formula is based orl-an
point Tshebyshev interpolation of the integrand and is exact for polynomials
of degree not exceedirig
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The order of Clenshaw-Curtis formulas is lower than the order of Gauss
type formulas, but CC formulas are often used (&lgvak and Ritter1996

Petras2003 as their nodes may be nestedQ\(f) is the CC formula im; =

21-14 1 points and ifQ\” is the 1-point CC formula, then the sequence of

the one-dimensional quadrature formulas has nested points. Hence, a sparse
grid results for the Smolyak formul&$’ (see the last row in Figl.1.1) and

§" has total polynomial exactness 2+ 1.

e Gauss formulas have the maximal polynomial degree of exactness with re-
spect to the number of function evaluations, but as Fifj.1demonstrates,
their nodes are not nested. A variant are the Gauss-Patterson (or Patterson-
Kronrod) formulas, which extend Gaussian quadrature formulas so that the
resulting formula is maximal while at the same time the nodes are nested
(Gerstner and Griebgl998.

Nested quadrature rules for general probability measures are less developed
than for the uniformly distributed cas&erstner and GriebglL999 state

that for the Gaussian measure the Kronrod extensions are known only for a
few special cases.

Even if the univariate quadrature formulas have positive weights, some weights
of the Smolyak formula may be negative, but this usually does not lead to stabil-
ity problems, as the absolute values of the weights stay relatively skhahak
and Ritter 1997). The existence of negative weights requires techniques avoiding
cancellations: the rounding errors may be reduced significantly by using a spe-
cial summation order for the terms in the Smolyak form@aistner and Griebgl
1998.

For nested grids, the weights associated with the nodes in the union of grids
have to be computed, which may be expensive if done in a straightforward manner.
The cost of computing these weights can be reduced drastically by observing that
many weights are identical. By storing them in a tree structure, the weights for
any node in the sparse grid may efficiently be retrieRetias2001).

Smolyak formulas that asymptotically use the minimal number of points were
constructed byPetrag2003 by delayed (some univariate formulas are repeated)
sequences of univariate formulas.

A comparison of adaptive and non adaptive interpolatory cubature rules with
Monte Carlo and quasi-Monte Carlo methods is performed for dimensions up to
m = 100 bySchtirer(2003. It is discussed there that both the number of dimen-
sions and the regularity of the integrand determines which integration method per-
forms best. For a discontinuous test function, integration by adaptive quadrature
formulas was found to be advantageous for dimensions up to 40. For a continuous
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test function quasi-Monte Carlo methods were advantageous in all tested dimen-
sions greater than five. For an oscillatory test function, adaptive quadrature based
rules were found to beat quasi-Monte Carlo functions for all dimensions tested.
Finally note that Smolyak constructions may also be used for the interpolation
of functions Emolyak 1963 Griebel and Knapek2000, for the construction
of finite element ansatz spacdsriebel et al. 1999 Schwab and Todor2002
Zumbusch 2000, and for finite difference discretisationSdhiekofer and Zum-
busch 1998. Additionally, it is interesting to note that the stochastic finite el-
ement ansatz spaces discussed in sedidri are constructed similarly to the
Smolyak construction.

7.1.5 Conclusions

Four different methods for integration in high dimensions were presented.

Of these, Monte Carlo methods are suitable if the variance of the integrand is
small and if a low accuracy is required. Monte Carlo techniques do not take ad-
vantage of the smoothness of the integrand, and their advantage is their dimension
independence. To be efficient they need to be combined with variance reduction
techniques.

Quasi-Monte Carlo methods may often achieve a better convergence than
Monte Carlo methods. They take low order smoothness into accounGeas
stner and Griebdl1998 state, quasi-Monte Carlo methods may be advantageous
compared to Smolyak integration when the integrands are not smooth.

Smolyak constructions are well suited for smooth integrands,Gerstner
and Griebel1998 state that they outperform both Monte Carlo and quasi-Monte
Carlo for smooth functions, except for very high-dimensional problems.

7.2 Reusing Existing Software

When a probabilistic treatment of a problem is desired, often there already exists
software treating the deterministic problem. It is highly desirable to reuse existing
software. Software for stochastic analysis may be categorised into two categories
(Bucher et al.1999:

1. A Probability integrator may interface to an external FEM program, e.g.:
ISPUD (by Bourgund and Bucher), or PROBAN (by Madsen et al.). These
kind of software packages repeatedly pass realisations of system parameters
to the FEM package and retrieve the results for a statistical analysis. For
Monte Carlo simulations this is a natural approach, but it requires a lot of
communication between both codes.
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2. Integrated packages for stochastic structural analysis (SSA) do not inter-
face to an external FEM program but provide their own, e.g. NESSUS (by
Millwater) , CALREL (by A. Der Kiureghian), STRUREL/COMREL (Goll-
witzer), SLANG (by Ch. Bucher).

Bucher et al(1999 state that due to the large amount of communication in-
volved, problems involving spatial structural randomness (random fields or pro-
cesses) require an integrated SSA software, while systems with randomness in a
small number of parameters can be implemented as a probability integrator inter-
facing to an external FEM package.

A coupling of the integrated program for stochastic structural analysis SLANG
with ANSYS has been implemented Byicher et al(1999 2000, where parallel
execution of SLANG and ANSYS is done in a master slave fashion.

A framework for using existing finite element software in a black-box fash-
ion for stochastic Galerkin schemes has been developed (for linear SPDES) in
Matthies and Keesg001a 2003, for nonlinear SPDE byeese and Matthies
(2003dg) and in a parallel version iKeese and Matthie003fc,e). This frame-
work was coupled to ANSYS bYu et al.(2003, see also the thesis i (2003.

7.3 Visualisation of Polynomial Chaos Solutions

Not the coefficients of the solution but information postprocessed from it (i.e.
functionals of the solution) are of interest to practicioners. This section discusses
briefly how properties of the stochastic solution are computed and visualised in
the literature. In principle, all common statistic, e.g. as describeWagkerly

et al.(1996 or Lehmann(1999, may be of interest.

Visualisations found in publications on SFEM often show second order statis-
tics of the solution, higher order statistics, cumulative distribution functions and/or
probability density functions. In reliability analysis the probability of events is de-
termined.

In the following section visualisation is only discussed for solutions given by
a series expansion in the stochastic dimension (response surfaces). This covers
most methods from chaptér

7.3.1 Second Order Statistics

Mean and covariance are simple to obtain for polynomial chaos expansion and are
visualised quite often. For example:

For time dependent problems the evolution of isolines of the mean in a 2D
domain are shown iGhanem(1998q.
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For vector fieldsXiu and Karniadaki$20023 show the variance of the stochas-
tic velocities along the channel’s centerline for a 2D flow.

7.3.2 Functionals of the Solution

Ghanem(1998hc, 19999 visualise the stochastic solution of instationary systems
by showing the coefficients of the solutions for various terms in the polynomial
chaos, either over the whole spatial domain, or at various spatial locations over
time. While this kind of visualisation shows the evolution of the polynomial
chaos coefficients, it seems not to be well suited for the visualisation of statisti-
cal properties as it is hard to interpret the plots. This method can be interpreted as
a visualisation o (u(x;,t, w)Hq (w)).

7.3.3 Probability Density Function and
Cumulative Density Function

The probability density function (PDF) of the approximate solution can be approx-
imated by sampling from the solution (see secfia®4) in a Monte Carlo fashion.
This may be performed cheaply once the response surface representation for the
solution has been computed.

For an introduction to statistical probability density estimation seeMay-
tinez and Martine2002 chapter 8). The estimation by a histogram is usually
a bad choice, but if a histogram is used, the width of bins should be chosen ad-
equately, e.g. by Sturges’ Rule. Methods more adequate than histograms are the
following: averaged shifted histogramwhich create many histograms with dif-
ferent origins and take their average; kernel density estimators, which smooth a
histogram with a smoothing kernel; afidite mixtureswhich are a generalisa-
tion of kernel density estimators and approximate a PDF by a weighted sum of
densities. Such techniques have been appliedthby2003 to visualise the dis-
placements obtained for random elastic structures.

To obtain an analytical expression of the probability density of a random vari-
able& = g(w), the following three methods are commaiegckerly et al, 1996:
The method of distribution functions computegy) = P{g(w) < y} and than

takes the derivative to obtaifa (y) = FE’ (y). If ghas aninversg—?, the method of

transformations computefg(y) = f: (g7 1(y)) ‘d%—;(y)‘. The method of moments

uses the fact that two random variab&gsé, have the same PDF if their moment
generating functionsy (t) = E (exp(t§)) are equal for alt.

For polynomial chaos expansions of high polynomial degrees, none of these
methods is feasible, as then the functiga not analytically invertible. For second



7.3. VISUALISATION OF POLYNOMIAL CHAOS SOLUTIONS 99

order polynomial chaos, the explicit characteristic function is givetGhgnem
(19994 and can be used to obtain the PDF for this case.

The PDF for a polynomial chaos approximation of a lognormal distribution
is computed byiu and Karniadakig2002g by using the method of distribution
functions. This method is only feasible if the roots of the polynomials can be
found. Lucor and Karniadaki€2003 show the PDF of the pressure in a stochastic
flow.

For expansions in polynomial chadSudret and Kiureghia2000 propose
to compute the probability distribution by first order reliability methodsu #

5 u@Hy (W), w e QM) the value of the PDF, () may be approximated by a
first order reliability (FORM) analysis (see e.gdaldar and Mahadevai2000,
where the limit state function is chosen as

(7.3.1) g(u(w)) = 0—u(w).

By computing the reliability index (finding the design point) and some standard
computations of reliability theory, the PDF incan be obtained. The expensive
step is here the optimisation problem inmrdimensional space. This technique
has been applied byu (2003 to elastic stochastic problems, and methods based
on sampling were found to be more robust and more efficient than this technique.
Other methodsGhanem and Spanak991h for obtaining the probability den-
sity are based on Edgeworth expansions (also known as Gram-Charlier expan-
sions).
A visualisation technique for visualising the cumulative density function of a
stochastic field was presented Wy et al. (2003 and in the master’s thesiku
(2003. It was observed that the COHg ) (0) = P{u(x) < 0} of a stochastic field
u(x,w) on a two-dimensional regior € R C R? is a functionF : Rx R — R
and may thus be visualised as volume data by standard visualisation techniques.
A module for AVS @Advanced Visual Systems, 1989-2008as implemented,
which maps the CDF to a 3D-volume field, and isosurfaces of the CDF were
shown.

7.3.4 Sampling from the Solution

A function expanded in polynomial chaos can be sampled from cheaply. Statistics
may then be estimated from the samples by usual statistical methods. This is ele-
mentary textbook knowledge that may be found e.g. in the textbookBdpolis

1991 and byWackerly et al(1996.
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7.3.5 Other Postprocessing

It is often important to evaluate the sensitivity of a solution with respect to the
inputs.Ghanen(19993 takes the derivative of the solution with respect to the the
material properties using the Cameron-Martin siMa(liavin, 1997).

The first passage statistics of a Duffing oscillator under random loading are
computed byLi and Ghanen{1998 by a Monte Carlo simulation of the response
process represented in polynomial chaos.

Often, the Karhunen—Loéve eigenmodes and their eigenvalues are shown for
inputs (e.g. Ghanem1998¢ 19999. The same technique might be used to visu-
alise the solutions of stochastic systems, but the author is not aware of publications
employing this technique for the solution.

Lucor and Karniadaki$2003 show the pressure distribution on a cylinder
surface for a stochastic flow in polar plots.

Xiu et al. (2002 display the error bars of the pressure distribution on a cylinder
in a flow under stochastic inputs, just as one would do for experimental results to
show the tolerance of measurements.

A posteriori error estimates and sensitivities may be computed by dual tech-
niques. This has been exploited Kgese and Matthie®0033.

7.3.6 Conclusions

The visualisation of solutions to SPDEs is difficult as the solutions are high-
dimensional functions. Usually second order statistics are visualised but little
has been published on more special techniques.
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